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sqrt
Square root.
SYNOPSIS:

double x, y, sqrt();
y = sqrt(x);

DESCRIPTION:
Returns the square root of x.

Range reduction involves isolating the power of two of the argument and using a polynomial approximation to obtain a
rough value for the square root. Then Heron's iteration is used three times to converge to an accurate value.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,10 60000  2.1e-17 7.9e-18
IEEE  0,1.7¢308 30000 1.7e-16  6.3e-17

ERROR MESSAGES:

message  condition  value returned

domain x<0 0.0
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Isqrt
Integer square root.
SYNOPSIS:

long x, y;
long Isqrt();
y = Isqrt(x);

DESCRIPTION:

Returns a long integer square root of the long integer argument. The computation is by binary long division. The largest
possible result is 1sqrt(2,147,483,647) = 46341.

If x <0, the square root of [x| is returned, and an error message is available.

ACCURACY:

An extra, roundoff, bit is computed; hence the result is the nearest integer to the actual square root.
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cbrt

Cube root.
SYNOPSIS:

double x, y, cbrt();
y = cbrt(x);

DESCRIPTION:

13 November, 2024

Returns the cube root of the argument, which could be negative. Range reduction involves determining the power of 2 of
the argument. A polynomial of degree 2 applied to the mantissa, and multiplication by the cube root of 1, 2, or 4
approximates the root to within about 0.1%. Then Newton's iteration is used three times to converge to an accurate result.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC -10,10 200000 1.8e-17 6.2¢-18
IEEE  0,1e308 30000 1.5¢-16 5.0e-17

JavaScript:
//
//Plot of y = 3vx.

/l

function plotYforX(x1, x2)

{
for(var x = x13; x <= x2; x++)
{
var y = cephes.cbrt(x);
Session.Output("plot of x for " +x + " gives y of " +y);
}
}

function main()
{
plotYforX(-1,6);

main();

(c) Sparx Systems 2024 Page 17 of 214

BIZZ T Enterprise Architect



71N 13 November, 2024

polevl

Evaluate polynomial.

SYNOPSIS:
int N;
double x, y, coef[N+1], polevl[];
y = polevl(x, coef, N);

DESCRIPTION:

Evaluates polynomial of degree N:

2 N
y=C+Cx+Cx +.+Cx
01 2 N

Coefficients are stored in reverse order:

coef[0]=C , ..., coef[N]=C .
N 0

The function plevl() assumes that coef[N] = 1.0 and is omitted from the array. Its calling arguments are otherwise the
same as polevl().

SPEED:

In the interest of speed, there are no checks for out of bounds arithmetic. This routine is used by most of the functions in
the library. Depending on available equipment features, the user might want to rewrite the program in microcode or
assembly language.

JavaScript:

Example:

function stirlingFormula(x)
{
var STIR = [ 7.87311395793093628397E-4, -2.29549961613378126380E-4,
-2.68132617805781232825E-3, 3.47222221605458667310E-3,
8.33333333333482257126E-2 |;
var SQTPI =2.50662827463100050242E0;
var MAXSTIR = 143.01608;
varw=1.0/x;

var y = cephes.exp(x);
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var w = 1.0 + w * cephes.polevl(w, STIR, 4);
if (x > MAXSTIR) {
var v = cephes.pow(x, 0.5 * x - 0.25);
y=v*(ly)
} else {
y = cephes.pow(x, x - 0.5) / y;
}
y=SQTPI * y * w;

return y;
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chbevl

Evaluate Chebyshev series.
SYNOPSIS:

int N;
double x, y, coef[N], chebevl();

y = chbevl(x, coef, N);

DESCRIPTION:
Evaluates the series

N-1

y = > coef[i] T (x/2)
- i
i=0

of Chebyshev polynomials Ti at argument x/2.

Coefficients are stored in reverse order, i.e. the zero order term is last in the array. Note N is the number of coefficients,
not the order.

If coefficients are for the interval a to b, x must have been transformed to x -> 2(2x - b - a)/(b-a) before entering the
routine. This maps x from (a, b) to (-1, 1), over which the Chebyshev polynomials are defined.

If the coefficients are for the inverted interval, in which (a, b) is mapped to (1/b, 1/a), the transformation required is x ->
2(2ab/x - b - a)/(b-a). Ifb is infinity, this becomes x -> 4a/x - 1.

SPEED:

Taking advantage of the recurrence properties of the Chebyshev polynomials, the routine requires one more addition per
loop than evaluating a nested polynomial of the same degree.

JavaScript:

var y = cephes.chbevl(x, coef, N);
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round

Round double to nearest or even integer valued double
SYNOPSIS:

double x, y, round();

y = round(x);

DESCRIPTION:

Returns the nearest integer to x as a double precision floating point result. If x ends in 0.5 exactly, the nearest even
integer is chosen.

ACCURACY:

If x is greater than 1/(2*MACHEP), its closest machine representation is already an integer, so rounding does not change
it.
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floor

SYNOPSIS:
double floor(x);
double x,y;
y = floor(x);

DESCRIPTION:

floor() returns the largest integer less than or equal to x. It truncates toward minus infinity.
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ceil

SYNOPSIS:
double ceil(x);
double x, y;
y = ceil(x);

DESCRIPTION:

ceil() returns the smallest integer greater than or equal to x. It truncates toward plus infinity.
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frexp

Extract exponent.
SYNOPSIS:

double frexp(x, expnt);
double x;
int expnt;

y = frexp(x, &expnt);

DESCRIPTION:

13 November, 2024

frexp() extracts the exponent from x. It returns an integer power of two to expnt and the significand between 0.5 and 1 to

y. Thus x =y * 2**expn.
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Idexp
SYNOPSIS:
double 1dexp(x,n);
double x;
int n;
y = ldexp(x, n);

DESCRIPTION:

ldexp() multiplies x by 2**n.
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fabs

Absolute value.
SYNOPSIS:

double x, y;
y = fabs(x);

DESCRIPTION:

Returns the absolute value of the argument.
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signbit
SYNOPSIS:
int signbit(x);
double x;

int n;

n = signbit(x);

DESCRIPTION:

signbit(x) returns 1 if the sign bit of x is 1, else 0.
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Isnan
SYNOPSIS:
int isnan(x);
double x;

int n;

n = isnan(x);

DESCRIPTION:

Returns true if X is not a number.
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isfinite
SYNOPSIS:
int isfinite();
double x;

int n;

n = isfinite(x);

DESCRIPTION:

Return true if x is not infinite and is not a NaN
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poladd

Polynomial Addition
SYNOPSIS:

int maxpol, na, nb, nc;

double a[na], b[nb], c[nc];

nc = max(na, nb);
polini( nc );

poladd( a, na, b, nb, ¢ );

DESCRIPTION:
poladd( a, na, b, nb, ¢ ); ¢ =b +a, nc =max(na, nb)

In this description a, b, ¢ are polynomials of degree na, nb, nc respectively.
The degree of a polynomial cannot exceed a run-time value MAXPOL.

An operation that attempts to use or generate a polynomial of higher degree might produce a result that suffers truncation
at degree MAXPOL.

The value of MAXPOL is set by calling the function
polini( MAXPOL );

Each polynomial is represented by an array containing its coefficients, together with a separately declared integer equal
to the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l] *x + a[2] *x + .. + a]na] *x .
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polsub

Polynomial Subtraction
SYNOPSIS:

int maxpol, na, nb, nc;

double a], bl], c[l;

nc = max(na, nb);
polini( nc );

polsub( a, na, b, nb, ¢ );

DESCRIPTION:
polsub( a, na, b, nb, ¢ ); ¢ =Db -a, nc =max(na, nb)

a, b, ¢ are polynomials of degree na, nb, nc respectively.
The degree of a polynomial cannot exceed a run-time value MAXPOL.

An operation that attempts to use or generate a polynomial of higher degree might produce a result that suffers truncation
at degree MAXPOL.

The value of MAXPOL is set by calling the function
polini( MAXPOL );

Each polynomial is represented by an array containing its coefficients, together with a separately declared integer equal
to the degree of the polynomial.

The coefficients appear in ascending order; that is:

2 na

a(x) = a[0] + a[l] *x + a[2] *x + ... + a[na] *x .
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polmul

Polynomial Multiplication
SYNOPSIS:

int maxpol, na, nb, nc;

double a], bl], c[l;

nc =na + nb;
polini( nc );

polmul( a, na, b, nb, ¢ );

DESCRIPTION:
polmul( a, na, b, nb,c); c=b *a, nc=na+nb

a, b, ¢ are polynomials of degree na, nb, nc respectively.
The degree of a polynomial cannot exceed a run-time value MAXPOL.

An operation that attempts to use or generate a polynomial of higher degree might produce a result that suffers truncation
at degree MAXPOL.

The value of MAXPOL is set by calling the function
polini( MAXPOL );

Each polynomial is represented by an array containing its coefficients, together with a separately declared integer equal
to the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l] *x + a[2] *x + .. + a[na] *x .
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poldiv
Polynomial Division
SYNOPSIS:

int maxpol, na, nb, nc;

double a], bl], c[l;

nc =na+nb
polini( MAXPOL );

i=poldiv( a, na, b, nb, ¢ );

DESCRIPTION:
i =poldiv( a, na, b, nb, c); c=b/a, nc=MAXPOL

returns 1 = the degree of the first nonzero coefficient of a.
The computed quotient ¢ must be divided by x”i.

An error message is printed if a is identically zero.

a, b, ¢ are polynomials of degree na, nb, nc respectively.
The degree of a polynomial cannot exceed a run-time value MAXPOL.

An operation that attempts to use or generate a polynomial of higher degree might produce a result that suffers truncation
at degree MAXPOL.

The value of MAXPOL is set by calling the function
polini( MAXPOL );

Each polynomial is represented by an array containing its coefficients, together with a separately declared integer equal
to the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l] *x + a[2] *x + ... + a[na] *x .
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polsbt

Substitute Polynomial Variable
SYNOPSIS:

int a, b;
double a[na], b[nb], c[nc];
polsbt( a, na, b, nb, ¢ );

DESCRIPTION:

If a and b are polynomials, and t = a(x), then

c(t) = b(a(x))

is a polynomial found by substituting a(x) for t.

The subroutine call for this is:

polsbt( a, na, b, nb, ¢ );

a, b, ¢ are polynomials of degree na, nb, nc respectively.
The degree of a polynomial cannot exceed a run-time value MAXPOL.

An operation that attempts to use or generate a polynomial of higher degree might produce a result that suffers truncation
at degree MAXPOL.

The value of MAXPOL is set by calling the function
polinil MAXPOL );

Each polynomial is represented by an array containing its coefficients, together with a separately declared integer equal
to the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l]*x + a[2] *x + ... + a[na] *x .
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poleva
Polynomial Evaluation
SYNOPSIS:

int na;

double sum, x;

double a[na];

sum = poleva( a, na, X );

DESCRIPTION:
Evaluate polynomial a(t) at t = x.

The polynomial is represented by an array containing its coefficients, together with a separately declared integer equal to
the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l]*x + a[2] *X + .. + a[na] *x .
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polclr

Clear Polynomial
SYNOPSIS:

int na;

double a[na];
polclr( a, na );
DESCRIPTION:

Set all coefficients of polynomial a to zero, up to a[nal.

The polynomial is represented by an array containing its coefficients, together with a separately declared integer equal to
the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l] *x + a[2] *x + .. + a]na] *x .
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polmov

Move Polynomial
SYNOPSIS:

int na;

double a[na], b[na];
polmov( a, na, b);
DESCRIPTION:

Set b=a. Copies coefficients of polynomial a, to b.

The polynomial is represented by an array containing its coefficients, together with a separately declared integer equal to
the degree of the polynomial.

The coefficients appear in ascending order; that is,

2 na

a(x) = a[0] + a[l]*x + a[2]*x + .. + a[na] *x .
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dCosS

Inverse circular cosine.

SYNOPSIS:

double x, y, acos();

y = acos(x);

DESCRIPTION:

Returns radian angle between 0 and pi whose cosine is X.

Analytically, acos(x) = pi/2 - asin(x). However if |x| is near 1, there is cancellation error in subtracting asin(x) from pi/2.
Hence if x <-0.5, acos(x) = pi - 2.0 * asin(sqrt((1+x)/2)); or if x > +0.5, acos(x) = 2.0 * asin(sqrt((1-x)/2)).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC -1,1 50000  3.3e-17 8.2¢-18
IEEE -1,1 1076 2.2e-16  6.5e-17

ERROR MESSAGES:
message  condition  value returned
domain [x|>1 NAN
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acosh
Inverse hyperbolic cosine.
SYNOPSIS:

double x, y, acosh();
y = acosh(x);

DESCRIPTION:
Returns the inverse hyperbolic cosine of an argument.
If 1 <=x < 1.5, arational approximation:
sqrt(z) * P(2)/Q(z)
where z = x-1, is used. Otherwise:
acosh(x) = log(x + sqrt((x-1)(x+1)).
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 1,3 30000 4.2e-17  1.1e-17
IEEE 1,3 30000  4.6e-16 8.7e-17

ERROR MESSAGES:

message condition  value returned

domain  [x|<1 NAN
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asinh

Inverse hyperbolic sine.
SYNOPSIS:

double x, y, asinh();
y = asinh(x);

DESCRIPTION:
Returns the inverse hyperbolic sine of an argument.

If [x| < 0.5, the function is approximated by a rational form x + x**3 P(x)/Q(x).

Otherwise, asinh(x) = log(x + sqrt(1 + x*x)).

ACCURACY:

Relative error:
arithmetic domain # trials peak rms
DEC -33 75000  4.6e-17 1.1e-17
IEEE -1,1 30000  3.7e-16  7.8e-17
IEEE 1,3 30000  2.5e-16 6.7e-17
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atanh

Inverse hyperbolic tangent.
SYNOPSIS:

double x, y, atanh();
y = atanh(x);

DESCRIPTION:
Returns the inverse hyperbolic tangent of an argument in the range MINLOG to MAXLOG.

If [x| < 0.5, the rational form x + x**3 P(x)/Q(x) is employed. Otherwise:
atanh(x) = 0.5 * log((1+x)/(1-x)).

ACCURACY:
Relative error:
arithmetic domain # trials peak rms
DEC -1,1 50000  2.4e-17 6.4e-18
IEEE -1,1 30000 1.9e-16  5.2e-17
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asin

Inverse circular sine.

SYNOPSIS:

double x, y, asin();

y = asin(x);

DESCRIPTION:

Returns the radian angle between -pi/2 and +pi/2 whose sine is x.

A rational function of the form x + x**3 P(x**2)/Q(x**2) is used for [x| in the interval [0, 0.5]. If|x|>0.5itis
transformed by the identity:

asin(x) = pi/2 - 2 asin(sqrt((1-x)/2)).
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms

DEC -1,1 40000  2.6e-17 7.le-18
IEEE -1,1 1076 1.9e-16  5.4e-17

ERROR MESSAGES:

message  condition  value returned

domain x| >1 NAN
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atan

Inverse circular tangent (arctangent).
SYNOPSIS:

double x, y, atan();
y = atan(x);

DESCRIPTION:

Returns the radian angle between -pi/2 and +pi/2 whose tangent is x.

Range reduction is from three intervals into the interval from zero to 0.66. The approximant uses a rational function of
degree 4/5 of the form x + x**3 P(x)/Q(x).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  -10,10 50000  2.4e-17 8.3e-18
IEEE -10,10 1076 1.8e-16  5.0e-17
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atan2

Quadrant correct inverse circular tangent.
SYNOPSIS:

double x, y, z, atan2();
z = atan2(y, X);

DESCRIPTION:

Returns the radian angle whose tangent is y/x.
Define compile time symbol ANSIC = 1 for ANSI standard, range -PI < z <= +PI, args (y,x);
else ANSIC = 0 for range 0 to 2PI, args (x,y).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms

IEEE -10,10 10"  2.5e-16  6.9e-17
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COS

Circular cosine.

SYNOPSIS:

double x, y, cos();

y = cos(x);

DESCRIPTION:

Range reduction is into intervals of pi/4. The reduction error is nearly eliminated by contriving an extended precision
modular arithmetic.

Two polynomial approximating functions are employed.
Between 0 and pi/4 the cosine is approximated by:

1 - x**2 Q(x**2).
Between pi/4 and pi/2 the sine is represented as:

X + x¥*3 P(x**2).

ACCURACY:
Relative error:
arithmetic domain  #trials peak rms
IEEE -1.07¢9,+1.07¢9 130000  2.1e-16 5.4e-17
DEC 0,+1.07¢9 17000  3.0e-17 7.2e-18
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cosdg

Circular cosine of angle in degrees.
SYNOPSIS:

double x, y, cosdg();
y = cosdg(x);

DESCRIPTION:

Range reduction is into intervals of 45 degrees. Two polynomial approximating functions are employed.
Between 0 and pi/4 the cosine is approximated by:

1 - x**2 P(x**2).
Between pi/4 and pi/2 the sine is represented as:

X + x**3 P(x**2).

ACCURACY:
Relative error:
arithmetic domain  #trials  peak rms
DEC  +-1000 3400  3.5e-17 9.1e-18
IEEE +-1000 30000 2.le-16  5.7e-17

(c) Sparx Systems 2024 Page 47 of 214 B3 T Enterprise Architect



(BN

exp
Exponential function.
SYNOPSIS:

double x, y, exp();
y = exp(x);

DESCRIPTION:

Returns e (2.71828...) raised to the x power.

13 November, 2024

Range reduction is accomplished by separating the argument into an integer k and fraction f such that:

x k f
e =2 e
A Pade' form

1 +2x P(x**2)/(Q(x**2) - P(x**2)) of degree 2/3 is used to approximate exp(f) in the basic interval [-0.5, 0.5].

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  +-88 50000 2.8e-17 7.0e-18
IEEE  +-708 40000  2.0e-16 5.6e-17

Error amplification in the exponential function can be a serious matter. The error propagation involves:

exp(X(1+delta)) = exp(X) (1 + X*delta + ...)

This shows that a 1 Isb error in representing X produces a relative error of X times 1 Isb in the function. While the
routine gives an accurate result for arguments that are exactly represented by a double precision computer number, the

result contains an amplified roundoff error for large arguments not exactly represented.

ERROR MESSAGES:
message condition  value returned
underflow  x <MINLOG 0.0
overflow x > MAXLOG INFINITY
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exp2
Base 2 exponential function.
SYNOPSIS:

double x, y, exp2();
y = exp2(x);

DESCRIPTION:

Returns 2 raised to the x power.
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Range reduction is accomplished by separating the argument into an integer k and fraction f, such that:

x k f
2=22

A Pade' form:
1 +2x P(x**2) / (Q(x**2) - x P(x**2))
approximates 2**x in the basic range [-0.5, 0.5].
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
IEEE -1022,+1024 30000 1.8e-16  5.4e-17
ERROR MESSAGES:
message  condition  value returned
underflow x <-MAXL2 0.0

overflow x>MAXL2 MAXNUM

For DEC arithmetic, MAXL2 = 127.
For IEEE arithmetic, MAXL2 = 1024.
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expl10
Base 10 exponential function. (Common antilogarithm.)
SYNOPSIS:

double x, y, exp10();
y =expl0(x);

DESCRIPTION:

Returns 10 raised to the x power.
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Range reduction is accomplished by expressing the argument as 10**x = 2**n 10**f, with |f] < 0.5 log10(2).

The Pade' form:

1+ 2x P(x**2)/(Q(x**2) - P(x**2))

is used to approximate 10**f.

ACCURACY:
Relative error:
arithmetic domain # trials peak rms
IEEE -307,+307 30000  2.2e-16 5.5e-17
Test result from an earlier version (2.1):
DEC  -38,+38 70000  3.le-17 7.0e-18

ERROR MESSAGES:
message condition  value returned
underflow  x <-MAXLI10 0.0
overflow x> MAXLIO MAXNUM

DEC arithmetic: MAXL10 = 38.230809449325611792.
IEEE arithmetic: MAXL10 = 308.2547155599167.
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cosh

Hyperbolic cosine.
SYNOPSIS:

double x, y, cosh();
y = cosh(x);

DESCRIPTION:
Returns the hyperbolic cosine of an argument in the range MINLOG to MAXLOG.
cosh(x) = (exp(x) + exp(-x))/2.
ACCURACY:
Relative error:

arithmetic domain #trials  peak rms

DEC  +-88 50000  4.0e-17 7.7e-18

IEEE +-MAXLOG 30000  2.6e-16 5.7e-17

ERROR MESSAGES:

message condition  value returned
overflow x| >MAXLOG MAXNUM
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sinh
Hyperbolic sine.
SYNOPSIS:

double x, y, sinh();
y = sinh(x);

DESCRIPTION:
Returns the hyperbolic sine of an argument in the range MINLOG to MAXLOG.

The range is partitioned into two segments. If [x| <=1, a rational function of the form x + x**3 P(x)/Q(x) is employed.

Otherwise the calculation is sinh(x) = (exp(x) - exp(-x))/2.

ACCURACY:
Relative error:
arithmetic domain # trials peak rms
DEC +-88 50000  4.0e-17 7.7e-18
IEEE +-MAXLOG 30000  2.6e-16 5.7e-17
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Hyperbolic tangent.
SYNOPSIS:

double x, y, tanh();
y = tanh(x);

DESCRIPTION:

Returns the hyperbolic tangent of an argument in the range MINLOG to MAXLOG.

A rational function is used for |x| < 0.625. The form:

X + x**3 P(x)/Q(x) of Cody _& Waite
is employed.
Otherwise:
tanh(x) = sinh(x)/cosh(x) = 1 - 2/(exp(2x) + 1).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC -2,2 50000  3.3e-17 6.4e-18
IEEE -2,2 30000  2.5e-16  5.8e-17
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log
Natural logarithm.
SYNOPSIS:

double x, y, log();
y = log(x);

DESCRIPTION:

Returns the base e (2.718...) logarithm of x.
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The argument is separated into its exponent and fractional parts. If the exponent is between -1 and +1, the logarithm of

the fraction is approximated by:

log(1+x) = x - 0.5 x**2 + x**3 P(x)/Q(x).

Otherwise, setting z = 2(x-1)/x+1),

log(x) =z + z**3 P(2)/Q(z).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
IEEE  0.5,2.0 150000 1.44e-16 5.06e-17
IEEE +MAXNUM 30000 1.20e-16 4.78e-17
DEC 0,10 170000  1.8e-17 6.3e-18

In the tests over the interval [+-MAXNUM], the logarithms of the random arguments were uniformly distributed over

[0,MAXLOG].

ERROR MESSAGES:

singularity: x = 0; returns -INFINITY

domain: x < 0; returns NAN
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log2
Base 2 logarithm.
SYNOPSIS:

double x, y, log2();
y = log2(x);

DESCRIPTION:
Returns the base 2 logarithm of x.

The argument is separated into its exponent and fractional parts. If the exponent is between -1 and +1, the base e
logarithm of the fraction is approximated by:

log(1+x) = x - 0.5 x**2 + x**3 P(x)/Q(x).
Otherwise, setting z = 2(x-1)/x+1),
log(x) =z + z**3 P(2)/Q(z).
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
IEEE  0.5,2.0 30000 2.0e-16 5.5e-17
IEEE  exp(+-700) 40000 1.3e-16 4.6e-17
In the tests over the interval [exp(+-700)], the logarithms of the random arguments were uniformly distributed.

ERROR MESSAGES:

singularity: x = 0; returns -INFINITY

domain: X < 0; returns NAN
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logl0

Common logarithm.
SYNOPSIS:

double x, y, log10();
y = log10(x):

DESCRIPTION:
Returns logarithm to the base 10 of x.
The argument is separated into its exponent and fractional parts. The logarithm of the fraction is approximated by:
log(1+x) = x - 0.5 x**2 + x**3 P(x)/Q(X).
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
IEEE  0.5,2.0 30000 1.5e-16 5.0e-17
IEEE 0, MAXNUM 30000 1.4e-16 4.8e-17

DEC I, MAXNUM 50000 2.5e-17 6.0e-18

In the tests over the interval [1, MAXNUM], the logarithms of the random arguments were uniformly distributed over [0,
MAXLOG].

ERROR MESSAGES:

singularity: x = 0; returns -INFINITY

domain: X < 0; returns NAN
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pow
Power function
SYNOPSIS:

double x, y, z, pow();
z=pow(X, y);

DESCRIPTION:

Computes x raised to the yth power. Analytically:

x**y = exp(y log(x)).
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Following Cody and Waite, this program uses a lookup table of 2**-i/16 and pseudo extended precision arithmetic to

obtain an extra three bits of accuracy in both the logarithm and the exponential.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
IEEE -26,26 30000 4.2e¢-16 7.7¢e-17
DEC -26,26 60000 4.8e-17 9.1e-18
1/26 < x < 26, with log(x) uniformly distributed.
-26 <y <26, y uniformly distributed.
IEEE 0,8700 30000 1.5e-14 2.le-15
0.99 <x < 1.01, 0 <y < 8700, uniformly distributed.

ERROR MESSAGES:

message condition value returned
overflow  x**y >MAXNUM INFINITY
underflow  x**y < 1I/MAXNUM 0.0

domain x<0 and y noninteger 0.0
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powi
Real raised to integer power.
SYNOPSIS:

double x, y, powi();

int n;
¥ = powi(x, n);

DESCRIPTION:
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Returns an argument x raised to the nth power. The routine efficiently decomposes n as a sum of powers of two. The
desired power is a product of two-to-the-kth powers of x. Thus to compute the 32767 power of x requires 28

multiplications instead of 32767 multiplications.

ACCURACY:
Relative error:
arithmetic x domain n domain # trials  peak rms
DEC  .0426 -26,26 100000  2.7e-16 4.3e-17
IEEE  .04,26 -26,26 50000  2.0e-15 3.8e-16
IEEE 1,2 -1022,1023 50000  8.6e-14 1.6e-14

Returns MAXNUM on overflow, zero on underflow.
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sin

Circular sine.

SYNOPSIS:

double x, y, sin();
y = sin(x);

DESCRIPTION:

Range reduction is into intervals of pi/4. The reduction error is nearly eliminated by contriving an extended precision
modular arithmetic.

Two polynomial approximating functions are employed.

Between 0 and pi/4 the sine is approximated by:

X + x**3 P(x**2).

Between pi/4 and pi/2 the cosine is represented as:

1 - x**2 Q(x**2).

ACCURACY:
Relative error:
arithmetic domain  #trials  peak rms
DEC 0,10 150000  3.0e-17  7.8e-18
IEEE -1.07¢9,+1.07¢9 130000  2.le-16 5.4e-17

ERROR MESSAGES:

message condition value returned

total loss x>1.073741824¢9 0.0

Partial loss of accuracy begins to occur at x = 2**30 = 1.074€9. The loss is not gradual, but jumps suddenly to about 1
part in 10e7. Results might be meaningless for x > 2**49 = 5.,6e14. The routine as implemented flags a TLOSS error for
x > 2**3( and returns 0.0.
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sindg
Circular sine of an angle in degrees.
SYNOPSIS:

double x, y, sindg();
y = sindg(x);

DESCRIPTION:

13 November, 2024

Range reduction is into intervals of 45 degrees. Two polynomial approximating functions are employed.

Between 0 and pi/4 the sine is approximated by:
X + x**3 P(x**2).

Between pi/4 and pi/2 the cosine is represented as:
1 - x**2 P(x**2).

ACCURACY:
Relative error:
arithmetic domain  #trials  peak rms
DEC  +-1000 3100 3.3e-17  9.0e-18
IEEE  +-1000 30000 2.3e-16  5.6e-17

ERROR MESSAGES:
message condition value returned

total loss x> 8.0e14 (DEC) 0.0
x > 1.0e14 (IEEE)
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tan
Circular tangent.
SYNOPSIS:

double x, y, tan();
y = tan(x);

DESCRIPTION:

Returns the circular tangent of the radian argument x.

Range reduction is modulo pi/4.

A rational function:

X + X**3 P(x*%2)/Q(x**2)

is employed in the basic interval [0, pi/4].

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  +-1.07¢9 44000 4.le-17 1.0e-17
IEEE  +-1.07¢9 30000 2.9e-16 8.1e-17

ERROR MESSAGES:

message condition value returned

total loss x> 1.073741824¢9 0.0
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tandg
Circular tangent of argument in degrees.
SYNOPSIS:

double x, y, tandg();
y = tandg(x);

DESCRIPTION:

Returns the circular tangent of the argument x in degrees.

Range reduction is modulo pi/4. A rational function:

X + x*¥*3 P(x**2)/Q(x**2)
is employed in the basic interval [0, pi/4].

ACCURACY:
Relative error:
arithmetic domain # trials peak rms
DEC 0,10 8000  3.4e-17 1.2e-17
IEEE 0,10 30000 3.2e-16  8.4e-17

ERROR MESSAGES:

message condition value returned
total loss x > 8.0e14 (DEC) 0.0

x > 1.0e14 (IEEE)
singularity x=180k + 90 MAXNUM
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expn
Exponential integral En.
SYNOPSIS:

int n;
double x, y, expn();

y = expn(n, x);
DESCRIPTION:

Evaluates the exponential integral.

Both n and x must be nonnegative.

The routine employs either a power series, a continued fraction, or an asymptotic formula depending on the relative
values of n and x.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 5000  2.0e-16  4.6e-17
IEEE 0,30 10000 1.7e-15  3.6e-16
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shichi

Hyperbolic sine and cosine integrals.
SYNOPSIS:

double x, Chi, Shi, shichi();
shichi(x, &Chi, &Shi);

DESCRIPTION:

Approximates the integrals

X
|| cosht-1
Chix)=eul +Inx + | ---memeemm- dt,
| t
0
X
|| sinht
Shi(x)= | ------ dt
[t
0
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where eul = 0.57721566490153286061 is Euler's constant. The integrals are evaluated by power series for x < 8 and by
Chebyshev expansions for x between 8 and 88. For large x, both functions approach exp(x)/2x. Arguments greater than

88 in magnitude return MAXNUM.
ACCURACY:
Test interval O to 88.

Relative error:
arithmetic function # trials  peak

DEC Shi 3000  9.le-17
IEEE Shi 30000 6.9e-16
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Absolute error, except relative when |Chi| > 1:
DEC Chi 2500  9.3e-17
IEEE Chi 30000  8.4e-16 1.4e-16
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Sine and cosine integrals.

SYNOPSIS:

double x, Ci, Si, sici();

sici(x, &Si, &Ci);

DESCRIPTION:

Evaluates the integrals:
X

| cost-1

Cix)=eul+Inx+ | --------- dt,

13 November, 2024

where eul = 0.57721566490153286061 is Euler's constant. The integrals are approximated by rational functions. For x >

8 auxiliary functions f(x) and g(x) are employed such that
Ci(x) = f(x) sin(x) - g(x) cos(x)

Si(x) = pi/2 - f(x) cos(x) - g(x) sin(x)

ACCURACY:

Test interval =[0,50].

Absolute error, except relative when > 1:

arithmetic function # trials peak rms
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IEEE Si 30000  4.4e-16 7.3e-17
IEEE Ci 30000  6.9e-16 5.1e-17
DEC Si 5000  4.4e-17 9.0e-18
DEC Ci 5300  7.9e-17 5.2e-18
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beta

Beta function.
SYNOPSIS:

double a, b, y, beta();
y = beta(a, b);

DESCRIPTION:
| (@) [ (b)
beta(a, b) = -------——-

| (a+b)

13 November, 2024

For large arguments the logarithm of the function is evaluated using lgam(), then exponentiated.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 1700  7.7e-15 1.5e-15
IEEE 0,30 30000 8.le-14 1.le-14

ERROR MESSAGES:

message condition value returned

overflow  log(beta) > MAXLOG 0.0
a or b <0 integer 0.0
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Ibeta

Natural log of |beta.

Return the sign of beta in sgngam.
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fac

Factorial function.
SYNOPSIS:
double y, fac();
int i;

y = fac(i);
DESCRIPTION:

Returns factorial of 1 = 1 *2 * 3 * | *1i,

fac(0) = 1.0.

Due to machine arithmetic bounds the largest value of i accepted is 33 in DEC arithmetic or 170 in IEEE arithmetic.
Greater values, or negative ones, produce an error message and return MAXNUM.

ACCURACY:

For i < 34 the values are simply tabulated, and have full machine accuracy. Ifi> 55, fac(i) = gamma(i+1);
Relative error:

arithmetic domain  peak

IEEE 0,170 1.4e-15
DEC 0,33 1.4e-17
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gamma

Gamma function.
SYNOPSIS:

double x, y, gamma();

y = gamma(x);
DESCRIPTION:

Returns the gamma function of the argument. The result is correctly signed, and the sign (+1 or -1) is also returned in a
global (extern) variable named sgngam. This variable is also filled in by the logarithmic gamma function Igam().

Arguments [x| <= 34 are reduced by recurrence and the function approximated by a rational function of degree 6/7 in the
interval (2,3). Large arguments are handled by Stirling's formula. Large negative arguments are made positive using a
reflection formula.

ACCURACY:
Relative error:
arithmetic domain # trials peak rms
DEC -34,34 10000 1.3e-16 2.5e-17
IEEE -170,-33 20000  2.3e-15 3.3e-16
IEEE -33, 33 20000  9.4e-16 2.2e-16
IEEE  33,171.6 20000  2.3e-15 3.2e-16

Error for arguments outside the test range will be larger owing to error amplification by the exponential function.
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lgam
Natural logarithm of gamma function.
SYNOPSIS:

double x, y, lgam();
y = lgam(x);

DESCRIPTION:

Returns the base e (2.718...) logarithm of the absolute value of the gamma function of the argument. The sign (+1 or -1)
of the gamma function is returned in a global (extern) variable named sgngam.

For arguments greater than 13, the logarithm of the gamma function is approximated by the logarithmic version of
Stirling's formula using a polynomial approximation of degree 4. Arguments between -33 and +33 are reduced by
recurrence to the interval [2,3] of a rational approximation. The cosecant reflection formula is employed for arguments
less than -33.

Arguments greater than MAXLGM return MAXNUM and an error message.

MAXLGM = 2.035093e36 for DEC arithmetic or 2.556348e305 for IEEE arithmetic.

ACCURACY:

arithmetic ~ domain #trials peak rms
DEC 0,3 7000 5.2e-17 1.3e-17
DEC 2.718,2.035¢36 5000 3.9e-17 9.9e-18
IEEE 0,3 28000 S5.4e-16 1.1e-16

IEEE 2.718,2.556e305 40000 3.5e-16 8.3e-17

The error criterion was relative when the function magnitude was greater than one but absolute when it was less than
one.

This test used the relative error criterion, though at certain points the relative error could be much higher than indicated.

IEEE -200, -4 10000 4.8e-16 1.3e-16
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incbet

Incomplete beta integral.
SYNOPSIS:

double a, b, x, y, incbet();
y = incbet(a, b, X);

DESCRIPTION:
Returns the incomplete beta integral of the arguments, evaluated from zero to x. The function is defined as:

X

|(atb) || a1 bl
___________ |t (1-) dt.

| @] (b) -
0

The domain of definition is 0 <= x <= 1. In this implementation a and b are restricted to positive values. The integral
from x to 1 can be obtained by the symmetry relation:

1 - incbet(a, b, x) = incbet(b, a, 1-x).

The integral is evaluated by a continued fraction expansion or, when b*x is small, by a power series.

ACCURACY:
Tested at uniformly distributed random points (a,b,x) with a and b in "domain" and x between 0 and 1.

Relative error
arithmetic domain #trials  peak rms
IEEE 0,5 10000  6.9e-15 4.5¢-16
IEEE 0,85 250000  2.2e-13 1.7e-14
IEEE  0,1000 30000  5.3e-12 6.3e-13
IEEE  0,10000 250000  9.3e-11 7.le-12
IEEE  0,100000 10000  8.7e-10 4.8e-11

Outputs smaller than the IEEE gradual underflow threshold were excluded from these statistics.

ERROR MESSAGES:
message condition  value returned
domain x<0, x>1 0.0
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underflow 0.0
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incbi
Inverse of incomplete beta integral.
SYNOPSIS:

double a, b, x, y, incbi();
x = incbi(a, b, y);

DESCRIPTION:
Given y, the function finds x such that:
incbet(a, b, x) =y .
The routine performs interval halving or Newton iterations to find the root of incbet(a,b,x) - y = 0.

ACCURACY:
Relative error:
X ab
arithmetic domain domain # trials peak  rms
IEEE 0,1 .5,10000 50000 5.8e-12 1.3e-13
IEEE 0,1 .25,100 100000 1.8e-13 3.9e-15
IEEE 0,1 0,5 50000 1.1e-12 5.5e-15
VAX 0,1 .5,100 25000 3.5e-14 1.le-15
With a and b constrained to half-integer or integer values:
IEEE 0,1 .5,10000 50000 5.8e-12 1.1e-13
IEEE 0,1 .5,100 100000 1.7¢-14 7.9e-16
With a = .5, b constrained to half-integer or integer values:
IEEE 0,1 .5,10000 10000 8.3e-11 1.0e-11
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igam
Incomplete gamma integral.
SYNOPSIS:

double a, x, y, igam();

y = igam(a, x);
DESCRIPTION:
The function is defined by

X

1 [| -t a-1
igam(a,x) = ----- | e t dt
-
l(@) -
0

In this implementation both arguments must be positive. The integral is evaluated by either a power series or continued
fraction expansion, depending on the relative values of a and x.

ACCURACY:
Relative error:
arithmetic domain #trials peak rms
IEEE 0,30 200000  3.6e-14 2.9e-15
IEEE 0,100 300000  9.9e-14 1.5e-14
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igamc
Complemented incomplete gamma integral.
SYNOPSIS:

double a, x, y, igamc();

y = igame(a, X);
DESCRIPTION:

The function is defined by

igamc(a,x) = 1 -igam(a,Xx)
inf.
1 || -t a-1
= - | e t dt
-l
@ -
X

13 November, 2024

In this implementation both arguments must be positive. The integral is evaluated by either a power series or continued
fraction expansion, depending on the relative values of a and x.

ACCURACY:

Tested at random a, X.
a X Relative error:
arithmetic domain domain #trials peak
IEEE 0.5,100 0,100 200000 1.9¢-14
IEEE 0.01,0.5 0,100 200000 1.4e-13

rms
1.7e-15
1.6e-15
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igami

Inverse of complemented incomplete gamma integral.

SYNOPSIS:

double a, x, p, igami();

X = igami(a, p);

DESCRIPTION:

Given p, the function finds x such that

igamc(a, X) = p.

Starting with the approximate value

where

t=1-d - ndtri(p) sqrt(d)

and

d=1/9a,

the routine performs up to 10 Newton iterations to find the root of igamc(a,x) - p = 0.

ACCURACY:

Tested at random a, p in the intervals indicated.

a P Relative error:

arithmetic domain domain #trials peak rms
IEEE 0.5,100 0,0.5 100000  1.0e-14  1.7e-15
IEEE 0.01,0.5 0,0.5 100000  9.0e-14 3.4e-15
IEEE 0.5,10000 0,0.5 20000  2.3e-13  3.8¢-14
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psi

Psi (digamma) function.
SYNOPSIS:

double x, y, psi();

y = psi(x);
DESCRIPTION:
d -
psi(x) = --In | (x)
dx

is the logarithmic derivative of the gamma function.
For integer x:

n-1
psi(n)=-EUL + > 1/k.

k=1

13 November, 2024

This formula is used for 0 <n <= 10. If x is negative, it is transformed to a positive argument by the reflection formula
psi(1-x) = psi(x) + pi cot(pi x). For general positive x, the argument is made greater than 10 using the recurrence

psi(x+1) = psi(x) + 1/x. Then this asymptotic expansion is applied:

inf. B
- 2k
psi(x) = log(x) - 1/2x - > -=emen
- 2k
k=1 2kx

where the B2k are Bernoulli numbers.

ACCURACY:

Relative error (except absolute when |psi| < 1):

arithmetic domain #trials peak rms

DEC 0,30 2500 1.7e-16  2.0e-17
IEEE 0,30 30000 1.3e-15 1.4e-16
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IEEE  -30,0 40000 1.5e-15  2.2e-16

ERROR MESSAGES:

message condition  value returned

singularity x integer <=0 MAXNUM
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rgamma

Reciprocal gamma function.

SYNOPSIS:
double x, y, rgamma();

y = rgamma(x);

DESCRIPTION:

Returns one divided by the gamma function of the argument.

13 November, 2024

The function is approximated by a Chebyshev expansion in the interval [0,1]. Range reduction is by recurrence for
arguments between -34.034 and +34.84425627277176174. 1/MAXNUM is returned for positive arguments outside this
range. For arguments less than -34.034 the cosecant reflection formula is applied; logarithms are employed to avoid

unnecessary overflow.

The reciprocal gamma function has no singularities, but overflow and underflow could occur for large arguments. These

conditions return either MAXNUM or I/MAXNUM with the appropriate sign.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC -30,+30 4000 1.2e-16 1.8e-17
IEEE -30,+30 30000 I.1e-15 2.0e-16

For arguments less than -34.034 the peak error is in the order of 5e-15 (DEC), excepting overflow or underflow.
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erf

Error function.
SYNOPSIS:

double x, y, erf();
y = erf(x);

DESCRIPTION:

The integral is

X

2 [ 2
erf(x) = -------- | exp(-t)dt.
sqrt(pi) ||

0

The magnitude of x is limited to 9.231948545 for DEC arithmetic; 1 or -1 is returned outside this range.
For 0 <= x| < 1, erf(x) = x * P4(x**2)/Q5(x**2); otherwise erf(x) = 1 - erfc(x).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,1 14000  4.7e-17 1.5e-17
IEEE 0,1 30000  3.7e-16  1.0e-16
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erfc

Complementary error function.
SYNOPSIS:

double x, y, erfc();

y = erfc(x);
DESCRIPTION:
1 -erf(x)=
inf.
2 [ 2
erfc(x) = -------- | exp(-t)dt
sqrt(pi) ||
X

For small x, erfc(x) = 1 - erf(x); otherwise rational approximations are computed.

A special function expx2.c is used to suppress error amplification in computing exp(-x"2).

ACCURACY:
Relative error:

arithmetic domain #trials  peak rms
IEEE  0,26.6417 30000  1.3e-15 2.2e-16

ERROR MESSAGES:

message condition value returned
underflow x >9.231948545 (DEC) 0.0
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dawsn

Dawson's Integral.
SYNOPSIS:

double x, y, dawsn();

y = dawsn(x);
DESCRIPTION:
Approximates the integral

X

2 | 2
dawsn(x) = exp(-x ) | exp(t)dt
I

0
Three different rational approximations are employed, for the intervals 0 to 3.25; 3.25 to 6.25; and 6.25 up.
ACCURACY:
Relative error:
arithmetic domain # trials peak rms

IEEE 0,10 10000  6.9e-16 1.0e-16
DEC 0,10 6000  7.4e-17 1.4e-17
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fresnl

Fresnel integral.
SYNOPSIS:

double x, S, C;
void fresnl();
fresnl(x, &S, _&C);

DESCRIPTION:
Evaluates the Fresnel integrals

X

||
Cx)= | cos(pi/2 t¥*2) dt,

0

X

||
S(x)= | sin(pi/2 t**2) dt.

0

The integrals are evaluated by a power series for x < 1. For x >= 1 auxiliary functions f(x) and g(x) are employed such
that:

C(x) = 0.5 + f(x) sin(pi/2 x**2) - g(x) cos(pi/2 x**2)
S(x) = 0.5 - f(x) cos(pi/2 x**2) - g(x) sin(pi/2 x**2)

ACCURACY:

Relative error.
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Arithmetic function domain

IEEE  S(x)
IEEE  C(x)
DEC S(x)
DEC C(x)
JavaScript:

var x= 2.5625;

0,10
0,10
0,10
0,10

var r = cephes.fresnl(x);

Session,Output(r.result);

Session,Output(r.ssa);

Session,Output(r.csa);

Return value: Object

Format: JSON

——

"result" : int,
"ssa" : double,

"cca" : double

(c) Sparx Systems 2024
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airy

Airy function.

SYNOPSIS:

double x, ai, aip, bi, bip;

int airy();

airy(x, _&ai, &aip, &bi, &bip);

DESCRIPTION:

Solution of the differential equation:

y’

'(x) =xy.

13 November, 2024

The function returns the two independent solutions Ai, Bi and their first derivatives Ai'(x), Bi'(x).

Evaluation is by power series summation for small x, by rational minimax approximations for large x.

ACCURACY:

Error criterion is absolute when function <= 1, relative when function > 1, except * denotes relative error criterion.

For large negative x, the absolute error increases as x*1.5.

For large positive x, the relative error increases as x"1.5.

Arithmetic domain function # trials

IEEE -10,0  Ai

IEEE 0,10 Ai

IEEE -10,0 Al
IEEE 0,10 Af

IEEE -10,10 Bi
IEEE -10,10 B’
DEC -10,0 Al

DEC 0,10 Ai

DEC -10,0 At
DEC 0,10 Af
DEC -10,10 Bi
DEC -10,10 B{'
JavaScript:

var x = 9.50313909;

var a = cephes.airy(x);

(c) Sparx Systems 2024

10000
10000
10000
10000
30000
30000
5000
5000
5000
12000
10000
7000

1.6e-15
2.3e-14*
4.6e-15
1.8e-14%*
4.2e-15
4.9¢-15
1.7e-16
2.1e-15%
4.7e-16
1.8e-15%*
5.5e-16
5.3e-16

peak

rms
2.7e-16
1.8e-15%*
7.6e-16
1.5e-15%*
5.3e-16
7.3e-16
2.8e-17
1.7e-16*
7.8e-17
1.5e-16*
6.8e-17
8.7e-17
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Return value: Object
Format: JSON
{
"result" : integer,
"ai" : double,
"aip" : double.
"bi" : double,
"bip" : double
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Bessel function of order zero.

SYNOPSIS:

double x, vy, jO();
y =j0(x);

DESCRIPTION:

Returns a Bessel function of order zero of the argument. The domain is divided into the intervals [0, 5] and (5, infinity).
In the first interval this rational approximation is used:

2 2

(W-1)(W-1)P(W)/Q(W)
1 2 3 8

2

where w = x and each r is a zero of the function.
In the second interval, the Hankel asymptotic expansion is employed with two rational functions of degree 6/6 and 7/7.

ACCURACY:
Absolute error:
arithmetic domain #trials  peak rms
DEC 0,30 10000  4.4e-17 6.3e-18
IEEE 0,30 60000 4.2e-16 1.le-16
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Bessel function of order one.
SYNOPSIS:

double x, y, j1();
y =jl(x);

DESCRIPTION:

Returns a Bessel function of order one of the argument.

The domain is divided into the intervals [0, 8] and (8, infinity). In the first interval a 24 term Chebyshev expansion is
used. In the second, the asymptotic trigonometric representation is employed, using two rational functions of degree 5/5.

ACCURACY:
Absolute error:
arithmetic domain  #trials  peak rms

DEC 0,30 10000  4.0e-17 1.le-17
IEEE 0,30 30000  2.6e-16 1.le-16

(c) Sparx Systems 2024 Page 94 of 214 B3 T Enterprise Architect



(BN

jn

Bessel function of integer order.
SYNOPSIS:

int n;

double x, y, jn();

y =jn(n, x);

DESCRIPTION:

Returns a Bessel function of order n, where n is a (possibly negative) integer.

13 November, 2024

The ratio of jn(x) to jO(x) is computed by backward recurrence. First the ratio jn/jn-1 is found by a continued fraction

expansion. Then the recurrence relating successive orders is applied until jO or j1 is reached.

If n=0 or 1 the routine for jO or j1 is called directly.

ACCURACY:
Absolute error:
arithmetic range  #trials peak rms
DEC 0,30 5500  6.9e-17 9.3e-18
IEEE 0,30 5000 4.4e-16  7.9e-17

Not suitable for large n or x. Use jv() instead.
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v
Bessel function of non-integer order.
SYNOPSIS:

double v, X, y, jv();
y = jv(v, X);

DESCRIPTION:

13 November, 2024

Returns a Bessel function of order v of the argument, where v is real. Negative x is allowed if v is an integer.

Several expansions are included: the ascending power series, the Hankel expansion, and two transitional expansions for
large v. If v is not too large, it is reduced by recurrence to a region of best accuracy. The transitional expansions give

12D accuracy for v > 500.

ACCURACY:

Results for integer v are indicated by *, where x and v both vary from -125 to +125. Otherwise, x ranges from 0 to 125,

v ranges as indicated by "domain." Error criterion is absolute, except relative when [jv()| > 1.

arithmetic v domain x domain #trials peak  rms
IEEE 0,125 0,125 100000 4.6e-15 2.2e-16
IEEE -125,0 0,125 40000 5.4e-11 3.7e-13
IEEE 0,500 0,500 20000 4.4e-15 4.0e-16

Integer v:

IEEE -125,125 -125,125 50000  3.5e-15* 1.9e-16*
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Bessel function of the second kind, order zero, of the argument.
SYNOPSIS:

double x, y, y0();
y =y0(x);

DESCRIPTION:

Returns a Bessel function of the second kind, of order zero, of the argument.

The domain is divided into the intervals [0, 5] and (5, infinity). In the first interval a rational approximation R(x) is
employed to compute:

yO(x) =R(x) + 2 *log(x) * jO(x) / PL
Thus a call to jO() is required.
In the second interval, the Hankel asymptotic expansion is employed with two rational functions of degree 6/6 and 7/7.
ACCURACY:
Absolute error, when y0(x) < 1; else relative error:
arithmetic domain #trials  peak rms

DEC 0,30 9400  7.0e-17 7.9e-18
IEEE 0,30 30000 1.3e-15 1.6e-16
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Bessel function of second kind of order one.
SYNOPSIS:

double x, y, y1();
y=ylx);

DESCRIPTION:

Returns a Bessel function of the second kind of order one of the argument.

13 November, 2024

The domain is divided into the intervals [0, 8] and (8, infinity). In the first interval a 25 term Chebyshev expansion is
used, and a call to j1() is required. In the second, the asymptotic trigonometric representation is employed using two

rational functions of degree 5/5.

ACCURACY:
Absolute error:
arithmetic domain  #trials  peak rms
DEC 0,30 10000  8.6e-17  1.3e-17
IEEE 0,30 30000 1.0e-15 1.3e-16

(error criterion relative when |y1| > 1).
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yn
Bessel function of second kind of integer order.
SYNOPSIS:

double x, y, yn();
int n;

y = yn(n, x);

DESCRIPTION:

Returns a Bessel function of order n, where n is a (possibly negative) integer.
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The function is evaluated by forward recurrence on n, starting with values computed by the routines y0() and y1().

Ifn =0 or 1 the routine for y0 or yl is called directly.

ACCURACY:
Absolute error, except relative
wheny > 1:

arithmetic domain #trials  peak rms

DEC 0,30 2200  2.9e-16 5.3e-17
IEEE 0,30 30000  3.4e-15 4.3e-16

ERROR MESSAGES:

message condition  value returned
singularity x=0 MAXNUM
overflow MAXNUM

Spot checked against tables for x, n between 0 and 100.
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yv
Bessel function of the second kind, of non-integer order.
SYNOPSIS:

double v, x, y, yv();
y =yv(v, X);

DESCRIPTION:
Returns a Bessel function of the second kind, of order v of the argument, where v is a non-integer.
ACCURACY:

Not accurately characterized, but spot checked against tables.
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i0

Modified Bessel function of order zero.

SYNOPSIS:

double x, y, 10();

y =i0(x);

DESCRIPTION:

Returns a modified Bessel function of order zero of the argument.
The function is defined as i0(x) = jO(ix).

The range is partitioned into the two intervals [0,8] and (8, infinity). Chebyshev polynomial expansions are employed in
each interval.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 6000  8.2e-17 1.9e-17
IEEE 0,30 30000  5.8e-16 1.4e-16
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Modified Bessel function of order zero, exponentially scaled.

SYNOPSIS:

double x, y, i0e();
y = i0e(x);

DESCRIPTION:

Returns exponentially scaled modified Bessel function of order zero of the argument.

The function is defined as i0e(x) = exp(-[x|) jO(ix).

ACCURACY:

Relative error:
arithmetic domain #trials  peak rms
IEEE 0,30 30000 5.4e-16 1.2e-16
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11
Modified Bessel function of order one.

SYNOPSIS:

double x, y, 11();
y =il(x);

DESCRIPTION:

Returns the modified Bessel function of order one of the argument.
The function is defined as 11(x) = -i j1(ix).

The range is partitioned into the two intervals [0,8] and (8, infinity). Chebyshev polynomial expansions are employed in
each interval.

ACCURACY:
Relative error:
arithmetic domain #trials peak rms
DEC 0,30 3400 1.2e-16  2.3e-17
IEEE 0,30 30000 1.9e-15 2.1e-16
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Modified Bessel function of order one, exponentially scaled.
SYNOPSIS:

double x, y, ile();
y = ile(x);

DESCRIPTION:

Returns the exponentially scaled modified Bessel function of order one of the argument.

The function is defined as 11(x) = -i exp(-|x|) j1(ix).

ACCURACY:

Relative error:
arithmetic domain #trials  peak rms
IEEE 0,30 30000 2.0e-15 2.0e-16
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v

Modified Bessel function of noninteger order.

SYNOPSIS:

double v, X, y, iv();

y =iv(v, x);
DESCRIPTION:

Returns the modified Bessel function of order v of the argument. If x is negative, v must be integer-valued.

The function is defined as Iv(x) = Jv(ix). Here, it is computed in terms of the confluent hypergeometric function,
according to the formula:

vV -X
Iv(x) = (x/2) e hyperg(v+0.5, 2v+1, 2x) / gamma(v+1)
If v is a negative integer, then v is replaced by -v.
ACCURACY:
Tested at random points (v, x), with v between 0 and 30, x between 0 and 28.
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 2000 3.1e-15 S5.4e-16

IEEE 0,30 10000 1.7e-14 2.7e-15

Accuracy is diminished if v is near a negative integer.
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kO

Modified Bessel function, third kind, order zero.
SYNOPSIS:

double x, y, k0();
y = k0(x);

DESCRIPTION:

Returns the modified Bessel function of the third kind of order zero of the argument.

The range is partitioned into the two intervals [0,8] and (8, infinity). Chebyshev polynomial expansions are employed in
each interval.

ACCURACY:
Tested at 2000 random points between 0 and 8. Peak absolute error (relative when KO > 1) was 1.46e-14; rms, 4.26e-15.
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 3100 1.3e-16  2.1e-17
IEEE 0,30 30000 1.2e-15  1.6e-16

ERROR MESSAGES:

message  condition  value returned

domain x<=0 MAXNUM
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kOe

Modified Bessel function, third kind, order zero, exponentially scaled.
SYNOPSIS:

double x, y, kOe();
y = kOe(x);

DESCRIPTION:
Returns the exponentially scaled, modified Bessel function of the third kind of order zero of the argument.
ACCURACY:

Relative error:

arithmetic domain #trials  peak rms
IEEE 0,30 30000 l.4e-15 1.4e-16
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k1

Modified Bessel function, third kind, order one.
SYNOPSIS:

double x, y, k1();
y =kl(x);

DESCRIPTION:

Computes the modified Bessel function of the third kind, of order one of the argument.

13 November, 2024

The range is partitioned into the two intervals [0,2] and (2, infinity). Chebyshev polynomial expansions are employed in

each interval.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 3300  8.9e-17 2.2e-17
IEEE 0,30 30000 1.2e-15 1.6e-16

ERROR MESSAGES:

message  condition  value returned
domain x<=0 MAXNUM
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kle

Modified Bessel function, third kind, order one, exponentially scaled.
SYNOPSIS:

double x, y, kle();
y = kle(x);

DESCRIPTION:
Returns the exponentially scaled, modified Bessel function of the third kind of order one of the argument:
kle(x) = exp(x) * k1(x).
ACCURACY:
Relative error:

arithmetic domain #trials  peak rms
IEEE 0,30 30000  7.8e-16 1.2e-16
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kn

Modified Bessel function, third kind, integer order.
SYNOPSIS:

double x, y, kn();

int n;

y = kn(n, x);

DESCRIPTION:

Returns the modified Bessel function of the third kind, of order n of the argument.

The range is partitioned into the two intervals [0,9.55] and (9.55, infinity). An ascending power series is used in the low
range, and an asymptotic expansion in the high range.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,30 3000 1.3e-9  5.8e-11
IEEE 0,30 90000 1.8e-8  3.0e-10

Error is high only near the crossover point x = 9.55 between the two expansions used.
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hyperg
Confluent hypergeometric function.
SYNOPSIS:

double a, b, x, y, hyperg();
y= hypel‘g(a, b9 X)s

DESCRIPTION:

Computes the confluent hypergeometric function

1 2
ax a(atl)x
F(abx) =1+t e + ...
11 b 1! b(b+1)2!

Many higher transcendental functions are special cases of this power series.
As is evident from the formula, b must not be a negative integer or zero unless a is an integer with 0 >=a > b.

The routine attempts both a direct summation of the series and an asymptotic expansion. In each case error due to
roundoff, cancellation and nonconvergence is estimated. The result with smaller estimated error is returned.

ACCURACY:

Tested at random points (a, b, x), all three variables ranging from 0 to 30.

Relative error:

arithmetic domain #trials  peak rms
DEC 0,30 2000 1.2e-15 1.3e-16
qtstl:
21800 max = 1.4200E-14 rms = 1.0841E-15 ave =-5.3640E-17
Itstd:

25500 max =1.2759¢-14 rms=3.7155e-16 ave = 1.5384¢-18
IEEE 0,30 30000 1.8e-14 1.1e-15

Larger errors can be observed when b is near a negative integer or zero. Certain combinations of arguments yield serious
cancellation errors in the power series summation and also are not in the region of near convergence of the asymptotic
series. An error message is printed if the self-estimated relative error is greater than 1.0e-12.
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hyp2f1

Gauss hypergeometric function 2F1.
SYNOPSIS:

double a, b, ¢, x, y, hyp2f1();
y = hyp2fl(a, b, ¢, x);

DESCRIPTION:

hyp2fl(a,b,c,x) = F(a,b;c;x)

21
inf.
- a(atl)..(atk) b(b+1)...(b+k) k+1
=1+ > X
- c(ctl)...(ctk) (k+1)!
k=0

Cases addressed are:
Tests and escapes for negative integer a, b, or ¢
Linear transformation if ¢ - a or ¢ - b negative integer
Special casec=aorc=>b
Linear transformation for x near +1
Transformation for x <-0.5

Psi function expansion if x > 0.5 and ¢ - a - b integer Conditionally, a recurrence on ¢ to make c-a-b > 0

|x| > 1 is rejected.

The parameters a, b, ¢ are considered to be integer valued if they are within 1.0e-14 of the nearest integer (1.0e-13 for
IEEE arithmetic).

ACCURACY:
Relative error (-1 <x <1):

arithmetic domain #trials  peak rms
IEEE  -1,7 230000 1.2e-11 5.2e-14

Several special cases also tested with a, b, ¢ in the range -7 to 7.

ERROR MESSAGES:

A "partial loss of precision" message is printed if the internally estimated relative error exceeds 1°-12.
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A "singularity" message is printed on overflow or in cases not addressed (such as x <-1).
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hyp2f0

See the hyperg Help topic.
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onef2

152 Hstruve ) -
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threef0

152 Hstruve ) -
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ellpe
Complete elliptic integral of the second kind.
SYNOPSIS:

double m1, y, ellpe();
y = ellpe(m1);

DESCRIPTION:
Approximates the integral

pi/2
I 2
E(m) = | sqrt(1-msint)dt
I

0

Where m =1 - ml, using the approximation:

P(x) - xlogx Q(x).

13 November, 2024

Though there are no singularities, the argument m1 is used rather than m, for compatibility with ellpk().

E(1) = 1; E(0) = pi/2.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,1 13000  3.1e-17 9.4e-18
IEEE 0,1 10000  2.le-16  7.3e-17

ERROR MESSAGES:

message  condition  value returned

domain x<0, x>1 0.0
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ellie
Incomplete elliptic integral of the second kind.
SYNOPSIS:

double phi, m, y, ellie();
y = ellie(phi, m);

DESCRIPTION:

Approximates the integral:

phi
|
| 2
E(phi \m) = | sqrt(l - msint)dt
|
|
0

of amplitude phi and modulus m, using the arithmetic - geometric mean algorithm.

ACCURACY:

Tested at random arguments with phi in [-10, 10] and m in [0, 1].

Relative error:
arithmetic domain #trials  peak rms
DEC 0,2 2000 1.9e-16  3.4e-17
IEEE -10,10 150000  3.3e-15 1.4e-16
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ellpk
Complete elliptic integral of the first kind.
SYNOPSIS:

double m1, y, ellpk();
y = ellpk(ml);

DESCRIPTION:
Approximates the integral:

pi/2

where m = 1 - ml, using the approximation:

P(x) - log x Q(x).
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The argument m1 is used rather than m, so that the logarithmic singularity at m = 1 will be shifted to the origin; this

preserves maximum accuracy.
K(0) = pi/2.
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC 0,1 16000  3.5e-17 1.le-17
IEEE 0,1 30000  2.5e-16 6.8e-17

ERROR MESSAGES:

message  condition  value returned
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domain x<0, x>1 0.0
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ellik

Incomplete elliptic integral of the first kind.

SYNOPSIS:

double phi, m, y, ellik();
y = ellik(phi, m);

DESCRIPTION:

Approximates the integral:

F(phi \m) = | ---mmmmmmemmme-
| 2
[| sqrt(1 - m sin t)

0

of amplitude phi and modulus m, using the arithmetic - geometric mean algorithm.

ACCURACY:

Tested at random points with m in [0, 1] and phi as indicated.

Relative error:

arithmetic domain # trials peak
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Jacobian Elliptic Functions.
SYNOPSIS:

double u, m, sn, cn, dn, phi;
int ellpj();
ellpj(u, m, _&sn, &cn, &dn, _&phi);

DESCRIPTION:

Evaluates the Jacobian elliptic functions sn(ujm), cn(ujm), and dn(ujm) of parameter m between 0 and 1, and real
argument u.

These functions are periodic, with quarter-period on the real axis equal to the complete elliptic integral ellpk(1.0-m).

Relation to incomplete elliptic integral:
If u = ellik(phi,m), then sn(ujm) = sin(phi), and cn(u/m) = cos(phi).
Phi is called the amplitude of u.

Computation is by means of the arithmetic-geometric mean algorithm, except when m is within 1e-9 of 0 or 1.

In the latter case with m close to 1, the approximation applies only for phi < pi/2.
ACCURACY:
Tested at random points with u between 0 and 10, m between 0 and 1.

Absolute error (* = relative error):
arithmetic function #trials peak rms
DEC  sn 1800  4.5e-16 8.7e-17
IEEE  phi 10000  9.2e-16* 1.4e-16*
IEEE  sn 50000 4.le-15 4.6e-16
IEEE c¢n 40000  3.6e-15 4.4e-16
IEEE dn 100000  3.9e-15 1.7e-16

Larger errors occur for m near 1.

Peak error observed in consistency check using addition theorem for sn(u+v) was 4e-16 (absolute). Also tested by the
earlier relation to the incomplete elliptic integral. Accuracy deteriorates when u is large.
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Binomial distribution.
SYNOPSIS:

intk, n;

double p, y, bdtr();

y = bdtr(k, n, p);

DESCRIPTION:

Returns the sum of the terms 0 through k of the Binomial probability density:

k

- (n) j nj
> () p (I-p)
- (J)

i=0

13 November, 2024

The terms are not summed directly; instead the incomplete beta integral is employed, according to the formula:

y = bdtr(k, n, p) = incbet(n-k, k+1, 1-p).
The arguments must be positive, with p ranging from 0 to 1.
ACCURACY:
Tested at random points (a,b,p), with p between 0 and 1.
ab Relative error:

arithmetic domain  # trials  peak rms

For p between 0.001 and 1:

IEEE 0,100 100000  4.3e-15 2.6e-16

ERROR MESSAGES:

message condition  value returned

domain k<0 0.0

n<k

x<0,x>1
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Complemented binomial distribution.
SYNOPSIS:

intk, n;

double p, y, bdtrc();

y = bdtre(k, n, p);

DESCRIPTION:

Returns the sum of the terms k+1 through n of the Binomial

probability density:

n

- (n) j nj
> () p (I-p)
- (J)

j=k+1

13 November, 2024

The terms are not summed directly; instead the incomplete beta integral is employed, according to the formula:

y = bdtre(k, n, p) = incbet(k+1, n-k, p).

The arguments must be positive, with p ranging from 0 to 1.

ACCURACY:
Tested at random points (a,b,p).
a,b Relative error:
arithmetic domain  # trials  peak
For p between 0.001 and 1:
IEEE 0,100 100000  6.7e-15
For p between 0 and .001:
IEEE 0,100 100000  1.5e-13

ERROR MESSAGES:

message  condition  value returned
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domain x<0, x>1, n<k 0.0
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Inverse binomial distribution.
SYNOPSIS:

intk, n;
double p, y, bdtri();
p = bdtr(k, n, y);

DESCRIPTION:

Finds the event probability p such that the sum of the terms 0 through k of the Binomial probability density is equal to
the given cumulative probability y.

This is accomplished using the inverse beta integral function and the relation:
1 - p = incbi(n-k, k+1, y).

ACCURACY:

Tested at random points (a,b,p).

a,b Relative error:
arithmetic domain # trials  peak rms
For p between 0.001 and 1:
IEEE 0,100 100000  2.3e-14 6.4e-16
IEEE 0,10000 100000  6.6e-12  1.2e-13
For p between 107-6 and 0.001:
IEEE 0,100 100000  2.0e-12  1.3e-14
IEEE 0,10000 100000 1.5e-12 3.2e-14

See the incbi Help topic.

ERROR MESSAGES:
message condition value returned
domain k<0,n<=k 0.0
x<0,x>1
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Chi-square distribution.
SYNOPSIS:

double df, x, y, chdtr();
y = chdtr(df, x);

DESCRIPTION:

13 November, 2024

Returns the area under the left hand tail (from 0 to x) of the Chi square probability density function, with v degrees of

freedom.
X
1 |-| v/2-1 -t/2
vi2 - ||
2 | (v/2) -

0

where x is the Chi-square variable.

The incomplete gamma integral is used, according to the formula:

y = chdtr(v, x) = igam(v/2.0, x/2.0).

The arguments must both be positive.

ACCURACY:

See the igam() Help topic.

ERROR MESSAGES:

message  condition  value returned

domain x<Qorv<l 0.0
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chdtrc

Complemented Chi-square distribution.
SYNOPSIS:

double v, x, y, chdtrc();
y = chdtrc(v, x);

DESCRIPTION:

Returns the area under the right hand tail (from x to infinity) of the Chi square probability density function with v
degrees of freedom:

inf.

1 || v/2-1 -t/2
Px|v) = - | t e dt
vi2 -]
2 | (v2) -
X
where x is the Chi-square variable.
The incomplete gamma integral is used, according to the formula:
y = chdtr(v, x) = igamc(v/2.0, x/2.0).

The arguments must both be positive.

ACCURACY:

See the igamc() Help topic.

ERROR MESSAGES:
message condition  value returned
domain x<0orv<l 0.0
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Inverse of complemented Chi-square distribution.
SYNOPSIS:

double df] x, y, chdtri();
x = chdtri(df, y);

DESCRIPTION:

Finds the Chi-square argument x, such that the integral from x to infinity of the Chi-square density is equal to the given
cumulative probability y.

This is accomplished using the inverse gamma integral function and the relation:
x/2 = igami(df/2, y);

ACCURACY:

See the igami Help topic.

ERROR MESSAGES:
message condition  value returned

domain y<Oory>1 0.0

v<l
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F distribution.
SYNOPSIS:

int df1, df2;
double x, y, fdtr();

y = fdtr(df1, df2, x);

DESCRIPTION:

13 November, 2024

Returns the area from zero to x under the F density function (also known as Snedcor's density, or the variance ratio

density).

This is the density of x = (ul/df1)/(u2/df2), where ul and u2 are random variables having Chi square distributions with

dfl and df2 degrees of freedom, respectively.

The incomplete beta integral is used, according to the formula

P(x) = incbet(df1/2, df2/2, (df1*x/(df2 + df1*x)).

The arguments a and b are greater than zero, and x is nonnegative.

ACCURACY:

Tested at random points (a,b,x).

X ab Relative error:

arithmetic domain domain # trials  peak
IEEE 0,1 0,100 100000  9.8e-15
IEEE 1,5 0,100 100000  6.5e-15
IEEE 0,1 1,10000 100000  2.2e-11
IEEE 1,5 1,10000 100000 1.le-11

See the incbet Help topic.

ERROR MESSAGES:
message condition  value returned
domain a<0, b<0, x<0 0.0
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Complemented F distribution.
SYNOPSIS:

int df1, df2;

double x, y, fdtrc();

y = fdtre(df1, df2, x);

DESCRIPTION:

13 November, 2024

Returns the area from x to infinity under the F density function (also known as Snedcor's density or the variance ratio

density).

inf.
1 |]al bl
1-P(X) = - |t (1-t) dt
B(a,b) ||

X
The incomplete beta integral is used, according to the formula
P(x) = incbet( df2/2, df1/2, (df2/(df2 + df1*x) ).
ACCURACY:
Tested at random points (a,b,x) in the indicated intervals.
X ab Relative error:
arithmetic domain domain # trials  peak rms
IEEE 0,1 1,100 100000  3.7e-14 5.9e-16
IEEE 1,5 1,100 100000  8.0e-15 1.6e-15
IEEE 0,1 1,10000 100000 1.8e-11 3.5e-13
IEEE 1,5 1,10000 100000 2.0e-11 3.0e-12

ERROR MESSAGES:

message condition  value returned

domain  a<0, b<0, x<0 0.0
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Inverse of complemented F distribution.

SYNOPSIS:
int df1, df2;
double x, p, fdtri();

x = fdtri(dfl, df2, p);

DESCRIPTION:

13 November, 2024

Finds the F density argument x, such that the integral from x to infinity of the F density is equal to the given probability

p.

This is accomplished using the inverse beta integral function and the relations:

z = incbi(df2/2, df1/2, p)
x =df2 (1-z) / (df1 z).

Note: These relations hold for the inverse of the uncomplemented F distribution:

z = incbi(df1/2, df2/2, p)
x =df2 z/ (dfl (1-2)).

ACCURACY:
Tested at random points (a,b,p).

ab Relative error:
arithmetic domain # trials  peak

For p between .001 and 1:
IEEE 1,100 100000  8.3e-15

IEEE 1,10000 100000  2.le-11

For p between 10"-6 and 10"-3:
IEEE 1,100 50000  1.3e-12

rms

4.7e-16
1.4e-13

8.4e-15

IEEE 1,10000 50000 3.0e-12 4.8e-14

See the fdtrc Help topic.

ERROR MESSAGES:

message condition value returned
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domain p<=0orp>1 0.0

v<l
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Gamma distribution function.
SYNOPSIS:

double a, b, x, y, gdtr();
y = gdtr(a, b, x);

DESCRIPTION:

Returns the integral from zero to x of the gamma probability density function:

X
b -
a || b-1 -at
y= - | t e dt
- I
| (b) -
0

The incomplete gamma integral is used, according to the relation:

y = igam(b, ax).

ACCURACY:

See the igam() Help topic.

ERROR MESSAGES:

message  condition  value returned

domain x<0 0.0
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Complemented gamma distribution function.
SYNOPSIS:

double a, b, x, y, gdtre();
y = gdtre(a, b, x);

DESCRIPTION:

Returns the integral from x to infinity of the gamma probability density function:

inf.
b -
a || b-1 -at
y = - | t e dt
-
| (b) -
X

The incomplete gamma integral is used, according to the relation:

y = igamc(b, ax).

ACCURACY:

See the igamc() Help topic.

ERROR MESSAGES:

message  condition  value returned

domain x<0 0.0
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Negative binomial distribution.
SYNOPSIS:

intk, n;

double p, y, nbdtr();

y = nbdtr(k, n, p);

DESCRIPTION:

Returns the sum of the terms 0 through k of the negative binomial distribution:

k

- (ntj-1) nj
> ( )p (Ip
- (i)

i=0
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In a sequence of Bernoulli trials, this is the probability that k or fewer failures precede the nth success.

The terms are not computed individually; instead the incomplete beta integral is employed, according to the formula:

y = nbdtr(k, n, p) = incbet(n, k+1, p).
The arguments must be positive, with p ranging from 0 to 1.
ACCURACY:
Tested at random points (a,b,p), with p between 0 and 1.
a,b Relative error:
arithmetic domain # trials  peak rms

IEEE 0,100 100000  1.7e-13  8.8e-15

See the incbet Help topic.
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Complemented negative binomial distribution.
SYNOPSIS:

intk, n;

double p, y, nbdtre();

y = nbdtre(k, n, p);

DESCRIPTION:

Returns the sum of the terms k+1 to infinity of the negative binomial distribution:

inf

- (ntj-1) n ]
> ( )p (Ip
- (J)

j=k+1
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The terms are not computed individually; instead the incomplete beta integral is employed, according to the formula:

y = nbdtre(k, n, p) = incbet(k+1, n, 1-p).
The arguments must be positive, with p ranging from 0 to 1.
ACCURACY:
Tested at random points (a,b,p), with p between 0 and 1.
ab Relative error:
arithmetic domain  # trials  peak rms

IEEE 0,100 100000  1.7e-13  8.8e-15

See the incbet Help topic.
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Normal distribution function.
SYNOPSIS:

double x, y, ndtr();
y = ndtr(x);

DESCRIPTION:

13 November, 2024

Returns the area under the Gaussian probability density function, integrated from minus infinity to x:

X

1 [ 2
ndtr(x) = --------- | exp(-t/2)dt
sqrt(2pi) ||

-inf.

= (1 +erf(z))/2
= erfc(z) /2

where z = x/sqrt(2).

Computation is via the functions erf and erfc, with care to avoid error amplification in computing exp(-x"2).

ACCURACY:

Relative error:
arithmetic domain #trials  peak rms
IEEE -13,0 30000 1.3e-15  2.2e-16

ERROR MESSAGES:

message condition value returned

underflow x> 37.519379347 0.0
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Inverse of Normal distribution function.

SYNOPSIS:

double x, y, ndtri();

x = ndtri(y);

DESCRIPTION:
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Returns the argument, x, for which the area under the Gaussian probability density function (integrated from minus
infinity to x) is equal to y.

For small arguments 0 <y < exp(-2), the program computes z = sqrt(-2.0 * log(y)); then the approximation is x = z -
log(z)/z - (1/z) P(1/z) / Q(1/z).

There are two rational functions P/Q, one for 0 <y < exp(-32) and the other for y up to exp(-2).
For larger arguments, w =y - 0.5, and x/sqrt(2pi) = w + w**3 R(W**2)/S(w**2)).

ACCURACY:

Relative error:

arithmetic domain #trials  peak rms
DEC 0.125,1 5500  9.5e-17 2.1e-17
DEC  6e-39,0.135 3500  5.7e-17 1.3e-17
IEEE 0.125,1 20000  7.2e-16 1.3e-16
IEEE  3e-308, 0.135 50000  4.6e-16 9.8e-17
ERROR MESSAGES:
message condition value returned
domain x<=0 -MAXNUM
domain x>=1 MAXNUM
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Poisson distribution.
SYNOPSIS:

int k;

double m, y, pdtr();
y = pdtr(k, m);

DESCRIPTION:

Returns the sum of the first k terms of the Poisson distribution:

The terms are not summed directly; instead the incomplete gamma integral is employed, according to the relation:
y = pdtr(k, m) = igamc(k+1, m).
The arguments must both be positive.

ACCURACY:
See the igamc Help topic.
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Complemented poisson distribution.
SYNOPSIS:

int k;

double m, y, pdtrc();

y = pdtre(k, m);

DESCRIPTION:

Returns the sum of the terms k+1 to infinity of the Poisson distribution:

inf. j

j=k+1
The terms are not summed directly; instead the incomplete gamma integral is employed, according to the formula:
y = pdtrc(k, m) = igam(k+1, m).
The arguments must both be positive.

ACCURACY:
See the igam Help topic.
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Inverse Poisson distribution.
SYNOPSIS:

int k;

double m, y, pdtr();

m = pdtri(k, y);

DESCRIPTION:

13 November, 2024

Finds the Poisson variable x such that the integral from 0 to x of the Poisson density is equal to the given probability y.

This is accomplished using the inverse gamma integral function and the relation

m = igami(k+1, y).

ACCURACY:

See the igami Help topic.

ERROR MESSAGES:

message condition  value returned

domain y<Oory>=1 0.0
k<0
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stdtr

Student's t distribution.
SYNOPSIS:

double t, stdtr();

short k;

y = stdtr(k, t);

DESCRIPTION:

Computes the integral from minus infinity to t of the Student t distribution with integer k > 0 degrees of freedom:

t
[
- | 2 -(k+1)/2
| (k+1)/2) [ x)
_________________ | (1+-—) dx
- | ( k)
sqri(k pi) | (k/2) |
[
-inf.

Relation to incomplete beta integral:

1 - stdtr(k,t) = 0.5 * incbet(k/2, 1/2, z)
where
z =k/(k + t*¥*2).

For t < -2, this is the method of computation.

For higher t, a direct method is derived from integration by parts.

Since the function is symmetric about t=0, the area under the right tail of the density is found by calling the function with
-t instead of t.

ACCURACY:

Tested at random 1 <=k <= 25. The 'domain' refers to t.

Relative error:
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arithmetic domain #trials  peak rms
IEEE -100,-2 50000  5.9e-15 1.4e-15
IEEE -2,100 500000  2.7¢-15 4.9e-17
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polylog
Polylogarithms.

SYNOPSIS:

double x, y, polylog();
int n;

y = polylog(n, x);
The polylogarithm of order n is defined by the series:

inf k

- X
Lix) = > —.
n - n

k=1 k
Forx=1,
inf

-1

Li(l) = > --- = Riemann zeta function (n).

n - n

k=1 k

When n = 2, the function is the dilogarithm, related to Spence's integral:

X 1-x

Li(x) = | ---—--—-- d = | ---—-- dt = spence(1-x).

References:

Lewin, L., Polylogarithms and Associated Functions,
North Holland, 1981.
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Lewin, L., ed., Structural Properties of Polylogarithms,

American Mathematical Society, 1991.

ACCURACY:
Relative error:
arithmetic domain n #trials peak rms
IEEE 0,1 2 50000 6.2e-16 8.0e-17
IEEE 0,1 3 100000 2.5e-16 6.6e-17
IEEE 0,1 4 30000 1.7e-16 4.9e-17
IEEE 0,1 5 30000 5.le-16 7.8e-17
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spence

Dilogarithm.
SYNOPSIS:

double x, y, spence();

y = spence(X);
DESCRIPTION:
Computes the integral:

X
||logt

spence(x) = - | ---- dt
[] t-1

1

for x >=0. A rational approximation gives the integral in the interval (0.5, 1.5). Transformation formulas for 1/x and
1-x are employed outside the basic expansion range.

ACCURACY:

Relative error:
arithmetic domain #trials  peak rms
IEEE 04 30000  3.9e-15 5.4e-16
DEC 04 3000  2.5e-16  4.5e-17
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zetac

Riemann zeta function.

SYNOPSIS:
double x, y, zetac();

y = zetac(x);

DESCRIPTION:
inf.
- X
zetac(x) = > k , x>1,

k=2
Is related to the Riemann zeta function by:

Riemann zeta(x) = zetac(x) + 1.

Extension of the function definition for x < 1 is implemented.
Zero is returned for x > log2(MAXNUM).

An overflow error might occur for large negative x, due to the gamma function in the reflection formula.

ACCURACY:

Tabulated values have full machine accuracy.

Relative error:
arithmetic domain #trials  peak rms
IEEE 1,50 10000  9.8e-16 1.3e-16
DEC 1,50 2000 l.le-16  1.9¢-17
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zeta

Riemann zeta function of two arguments.
SYNOPSIS:

double x, g, y, zeta();

y = zeta(x, q);
DESCRIPTION:
inf.

- -X
zeta(x,q) = > (ktq)

k=0

where x > 1 and q is not a negative integer or zero.

The Euler-Maclaurin summation formula is used to obtain the expansion

zeta(x,q) = > (k+q)

1-x inf. B x(x+1)...(x+2))
(n+q) 1 - 2
S SR + > e
x-1 X - x+2j+1
2mtq) =1 (2)! (ntq)

where the B2j are Bernoulli numbers.
Note that zeta(x,1) = zetac(x) + 1.
(see zetac)

ACCURACY:

REFERENCE:

Gradshteyn, I. S., and I. M. Ryzhik, Tables of Integrals, Series, and Products, p. 1073; Academic Press, 1980.
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struve
Struve function.
SYNOPSIS:

double v, x, y, struve();

y = struve(v, X);
DESCRIPTION:
Computes the Struve function Hv(x) of order v, argument x. Negative x is rejected unless v is an integer.

This module also contains the hypergeometric functions 1F2 and 3F0, and a routine for the Bessel function Yv(x) with
noninteger v.

ACCURACY:

Not accurately characterized, but spot checked against tables.
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fftr

FFT of Real Valued Sequence.
SYNOPSIS:

double x[], sine[];

int m;

fftr(x, m, sine);

DESCRIPTION:

Computes the (complex valued) discrete Fourier transform of the real valued sequence x[]. The input sequence x[]
contains n = 2**m samples. The program fills array sine[k] with n/4 + 1 values of sin(2 PI k / n).

Data format for complex valued output is real part followed by imaginary part. The output is developed in the input
array X[].

The algorithm takes advantage of the fact that the FFT of an n point real sequence can be obtained from an n/2 point
complex FFT.

A radix 2 FFT algorithm is used.
Execution time on an LSI-11/23 with floating point chip is 1.0 sec for n = 256.
REFERENCE:

E. Oran Brigham, The Fast Fourier Transform; Prentice-Hall, Inc., 1974
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Solution of simultaneous linear equations AX = B by Gaussian elimination with partial pivoting.

SYNOPSIS:

double A[n*n], B[n], X[n];

int n, flag;

int IPS[];

int simq();

ercode = simq(A, B, X, n, flag, IPS);

DESCRIPTION:

B, X, IPS are vectors of length n.

A is an n X n matrix (i.e. a vector of length n*n), stored row-wise; that is, A(i,j) = A[ij], where ij = i*n + j, which is the

transpose of the normal column-wise storage.

The contents of matrix A are destroyed.

Set flag=0 to solve.

Set flag=-1 to do a new back substitution for a different B vector using the same A matrix previously reduced when

flag=0.

The routine returns nonzero on error; messages are printed.

ACCURACY:

Depends on the conditioning (range of eigenvalues) of matrix A.

REFERENCE:

Computer Solution of Linear Algebraic Systems
by George E. Forsythe and Cleve B. Moler; Prentice-Hall, 1967.
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Matrix inversion.
SYNOPSIS:

int n, errcod;

double A[n*n], X[n*n];
double B[n];

int IPS[n];

int minv();

errcod = minv(A, X, n, B, IPS);

DESCRIPTION:

13 November, 2024

Finds the inverse of the n by n matrix A. The result goes to X. B and IPS are scratch-pad arrays of length n. The contents

of matrix A are destroyed.

The routine returns nonzero on error; error messages are printed by the subroutine simq().

JavaScript:

function test minv()

{
/¥

* Finds the inverse of the n by n matrix A. The result goes

*to X. B and IPS are scratch pad arrays of length n.

* The contents of matrix A are destroyed

*/

Session.Output("calling cephes.minv( A,X,n,B,IPS) where:");

var n = 10; // n x n matrix A (10x10)

var A=

(c) Sparx Systems 2024

[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9],
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[0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9]
Is

var X =new Array(10); // output
var B =new Array(10);  // scratch pad
var IPS = new Array(10); // scratch pad

Session.Output(" n ="+ n);
Session.Output(" length of A is" + n*n);
Session.Output("A is matrix of " + dimensionsOfArray(A));

var ir = cephes.minv(A,X,n,B,IPS);

var s = cephes.geterrormsg();

if(s.length>0)
{
Session.Output("error output by minv: " + s);
}
else
{
Session.Output("minv returned " + ir);
Session.Output("X is matrix of " + dimensionsOfArray(X));
printMatrix("X",X,10,10);
}
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mmmpy
Matrix-Matrix multiply
SYNOPSIS

intr, c;

double A[r*c], B[c*1], Y[r*r];
mmmpy(1, ¢, A, B, Y);

DESCRIPTION

Multiply an r (rows) by ¢ (columns) matrix A on the left by a ¢ (rows) by r (columns) matrix B on the right to produce an
r by r matrix Y.
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mvmpy
Matrix-Vector multiply
SYNOPSIS

intr, c;

double Afr*c], V[c], Y][r];
mvmpy( 1, ¢, A, V, Y );

DESCRIPTION

Multiply r (rows) by ¢ (columns) matrix A on the left by column vector V of dimension ¢ on the right to produce a
(column) vector Y output of dimension r.
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mtransp
Matrix Transpose
SYNOPSIS

int ng

double A[n*n], T[n*n];
mtransp(n, A, T)
DESCRIPTION

Transpose the n by n square matrix A and put the result in T.

T can occupy the same storage as A.
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eigens

Eigenvalues and eigenvectors of a real symmetric matrix.
SYNOPSIS:

int n;

double A[n*(n+1)/2], EV[n*n], E[n];

void eigens(A, EV, E, n);

DESCRIPTION:

The algorithm is due to J. vonNeumann.

A[] is a symmetric matrix stored in lower triangular form. That is, A[row, column] = A[(row*row+row)/2 + column] or
the equivalent with row and column interchanged. The indices row and column run from 0 through n-1.

EV[] is the output matrix of eigenvectors stored columnwise. That is, the elements of each eigenvector appear in
sequential memory order. The jth element of the ith eigenvector is EV[n*i+j] = EV[i][j].

E[] is the output matrix of eigenvalues. The ith element of E corresponds to the ith eigenvector (the ith row of EV).
On output, the matrix A will have been diagonalized and its original contents are destroyed.
ACCURACY:

The error is controlled by an internal parameter called RANGE which is set to 1e-10. After diagonalization, the
off-diagonal elements of A will have been reduced by this factor.

ERROR MESSAGES:
None.
JavaScript:

function test eigens()
{
var A =
[0.1,0.2,0.3,0.4],
[0.5,0.6,0.7,0.8],
[0.9,0.8,0.7,0.6],
[0.5,0.4,0.3,0.2]
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var EV = new Array();

var E = new Array();

var N =4;

Session.Output("calling cephes.eigens( A, EV, E, N) where:");
Session.Output(" A is NxN input matrix and N =" + N);
printMatrix("A",A,N,N);

cephes.eigens(A, EV, E, N);

Session.Output(" EV is matrix of " + dimensionsOfArray(EV));
printMatrix("Y",EV,N,N);

Session.Output(" ");

Session.Output(" E is matrix of " + dimensionsOfArray(E));
printMatrix("Y",E,N,N);

Session.Output(" ");

function printMatrix(name, M, rows, cols)

{
for(var r = 03 r < rows; r++)
{
for(var ¢ = 05 ¢c < cols; ct++)
{
Session.Output(name + "[" +r+"][" +c + "] =" +M]r][c]);
}
}
}
var str="";

function dimensionsOfArrayX(v)

{
str += v.length;
if(v.length)
{
var ¢ = v[0];
if(Array.isArray(e))
{
str+="x"}
dimensionsOfArrayX(e);
}
}
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H

function dimensionsOfArray(v)

{
str="";
dimensionsOfArray X(v);
return strs

}
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simpsn

Simpson Numerical Integration

SYNOPSIS

double simpsn( f, delta )

double f]]; /* tabulated function */
double delta; /* spacing of arguments */
double simpsn( f, delta );

DESCRIPTION

Numerical integration of function tabulated at equally spaced arguments

Uses 8th order Cote integration formula.
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PN
BHE)
o cadd - EZRAINE
e csub- A
o cmul- 5
o cdiv- KK
o cabs- BXNE
o csqrt-AR
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cadd

Addition.

SYNOPSIS:

typedef struct {
doubler; real part
double i; imaginary part
}emplx;

cmplx *a, *b, *c;

cadd(a,b,c); c=b+a

DESCRIPTION:

cr = br+ar

ci = bi+ai

ACCURACY:

13 November, 2024

In DEC arithmetic, the test (1/z) * z =1 had peak relative error 3.1e-17, rms 1.2e-17. The test (y/z) * (z/y) = 1 had peak
relative error 8.3e-17, rms 2.1e-17.

Tests in the rectangle {-10,+10}:

Relative error:
arithmetic function # trials
DEC cadd 10000
IEEE  cadd 100000
DEC csub 10000
IEEE  csub 100000
DEC cmul 3000
IEEE  cmul 100000
DEC cdiv 18000
IEEE  cdiv 100000

JavaScript:

vara= {"r":0.5,"1",0.5};

(c) Sparx Systems 2024

peak
1.4e-17
1.1e-16
1.4e-17
1.1e-16
2.3e-17
2.1e-16
4.9e-17
3.7e-16

rms
3.4e-18
2.7e-17
4.5¢e-18
3.4e-17
8.7e-18
6.9e-17
1.3e-17
I.1e-16
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var b= {"r":0.5,"1",0.5};
var ¢ = cephes.cadd(a,b);

Session.Output("c.r="+ c.r +", c.i=" + c.i);
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Subtraction.

SYNOPSIS:

typedef struct {
doubler; real part
double i; imaginary part

}emplx;

cmplx *a, *b, *c;

csub(a, b,c); c=b-a
DESCRIPTION:

br-ar

C.r

ci = Dbi-ai

ACCURACY:

13 November, 2024

In DEC arithmetic, the test (1/z) * z =1 had peak relative error 3.1e-17, rms 1.2e-17. The test (y/z) * (z/y) = 1 had peak
relative error 8.3e-17, rms 2.1e-17.

Tests in the rectangle {-10,+10}:

Relative error:
arithmetic function # trials
DEC cadd 10000
IEEE  cadd 100000
DEC csub 10000
IEEE  csub 100000
DEC cmul 3000
IEEE  cmul 100000
DEC cdiv 18000
IEEE  cdiv 100000

JavaScript:
vara= {"r":0.5,"1",0.5};

var b= {"r":0.5,"1",0.5};

var ¢ = cephes.csub(a,b);

(c) Sparx Systems 2024

peak
1.4e-17
1.1e-16
1.4e-17
1.1e-16
2.3e-17
2.1e-16
4.9e-17
3.7e-16

rms
3.4e-18
2.7e-17
4.5¢-18
3.4e-17
8.7e-18
6.9¢e-17
1.3e-17
I.le-16
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Session.Output("c.r="+c.r +", c.i=" + c.i);
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Multiplication.

SYNOPSIS:

typedef struct {
doubler;  real part
double i; imaginary part
}emplx;

cmplx *a, *b, *c;

cmul(a,b,c); c=b*a

DESCRIPTION:

cr = br*ar - bi*ai

ci=Dbr*ai+ bi*ar

ACCURACY:
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In DEC arithmetic, the test (1/z) * z =1 had peak relative error 3.1e-17, rms 1.2e-17. The test (y/z) * (z/y) = 1 had peak
relative error 8.3e-17, rms 2.1e-17.

Tests in the rectangle {-10,+10}:

Relative error:
arithmetic function # trials
DEC cadd 10000
IEEE  cadd 100000
DEC csub 10000
IEEE  csub 100000
DEC cmul 3000
IEEE  cmul 100000
DEC cdiv 18000
IEEE  cdiv 100000

JavaScript:

vara= {"r":0.5,"1",0.5};

var b= {"r":0.5,"1",0.5};

var ¢ = cephes.cmul(a,b);
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peak
1.4e-17
1.1e-16
1.4e-17
1.1e-16
2.3e-17
2.1e-16
4.9e-17
3.7e-16

rms
3.4e-18
2.7e-17
4.5¢-18
3.4e-17
8.7e-18
6.9¢e-17
1.3e-17
I.le-16
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Session.Output("c.r="+c.r +", c.i=" + c.i);
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Division.
SYNOPSIS:
typedef struct {
doubler; real part
double i; imaginary part
}emplx;
cmplx *a, *b, *c;
cdiv(a,b,c); c=b/a
DESCRIPTION:
d =ar*ar + ai*ai
cr =(br*ar +b.i*a.i)d

ci=(bi*ar - br*a.i)d

ACCURACY:
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In DEC arithmetic, the test (1/z) * z =1 had peak relative error 3.1e-17, rms 1.2e-17. The test (y/z) * (z/y) = 1 had peak
relative error 8.3e-17, rms 2.1e-17.

Tests in the rectangle {-10,+10}:

Relative error:
arithmetic function # trials
DEC cadd 10000
IEEE  cadd 100000
DEC csub 10000
IEEE  csub 100000
DEC cmul 3000
IEEE  cmul 100000
DEC cdiv 18000
IEEE  cdiv 100000

JavaScript:

vara= {"r":0.5,"1",0.5};

(c) Sparx Systems 2024

peak
1.4e-17
1.1e-16
1.4e-17
1.1e-16
2.3e-17
2.1e-16
4.9e-17
3.7e-16

rms
3.4e-18
2.7e-17
4.5¢e-18
3.4e-17
8.7e-18
6.9e-17
1.3e-17
I.1e-16
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var b= {"r":0.5,"1",0.5};
var ¢ = cephes.cdiv(a,b);

Session.Output("c.r="+ c.r +", c.i=" + c.i);
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Complex absolute value.
SYNOPSIS:

double cabs();

cmplx z;

double a;

a = cabs(&z);
DESCRIPTION:
Ifz=x+1iy

then

a = sqrt(x**2 + y**2).
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Overflow and underflow are avoided by testing the magnitudes of x and y before squaring. If either is outside half of the
floating point full scale range, both are rescaled.

ACCURACY:

Relative error:
arithmetic domain  # trials
DEC  -30,+30 30000
IEEE  -10,+10 100000

JavaScript:

var z= {"r":3.14,"1":3.14};

var a = cephes.cabs(z);

where a is an object of schema

{

"r" : double,

"i" : double

}
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peak rms
3.2e-17  9.2e-18
2.7e-16  6.9e-17
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csqrt
Complex square root.
SYNOPSIS:

void csqrt();

cmplx z, w;

csqrt(&z, &w);

DESCRIPTION:
Ifz=x+1y, r=|z|, then

172
Imw = [(r-x)2] ,

Rew = y/2Imw.

Note that -w is also a square root of z. The root chosen is always in the upper half plane.

13 November, 2024

Because of the potential for a cancellation error in 1 - X, the result is sharpened by doing a Heron iteration (see sqrt) in

complex arithmetic.

ACCURACY:

Relative error:
arithmetic domain #trials peak rms
DEC  -10,+10 25000  3.2e-17 9.6e-18
IEEE  -10,+10 100000  3.2e-16 7.7¢-17

JavaScript:

var x = {"r":4.5,"1":3.14} ;

var a = cephes.csqrt(x);
returns a, complex object of schema

{

"r" : double,
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"i": double

}
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e catan- RIEY]
*  ccot- RY]_
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cexp
Complex exponential function.
SYNOPSIS:

void cexp();

cmplx z, w;
cexp(&z, &w);

DESCRIPTION:

Returns the exponential of the complex argument z into the complex result w.

If
zZ=X+1y,

r = exp(x),

then

w=rcosy+irsiny.

ACCURACY:

Relative error:

arithmetic domain # trials peak rms

DEC  -10,+10 8700  3.7e-17 1.le-17
IEEE  -10,+10 30000  3.0e-16 8.7e-17
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clog

Complex natural logarithm.
SYNOPSIS:

void clog();

cmplx z, w;
clog(&z, &w);
DESCRIPTION:
Returns a complex logarithm to the base e (2.718...) of the complex argument x.
If z=x + 1y, r = sqrt(x**2 + y**2),
then
w = log(r) + i arctan(y/x).
The arctangent ranges from -PI to +PL.
ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  -10,+#10 7000  8.5e-17 1.9e-17

IEEE  -10,+10 30000 5.0e-15 1.1e-16

Larger relative errors can be observed for z near 1 +i0. In IEEE arithmetic the peak absolute error is 5.2e-16, rms
absolute error 1.0e-16.
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Complex circular cosine.

SYNOPSIS:

void ccos();

cmplx z, w;

ccos(&z, &w);

DESCRIPTION:

If

zZ=X 1y,
then
w=cosX coshy - isinxsinhy.
ACCURACY:
Relative error:
arithmetic domain #trials  peak

DEC -10,+10 8400  4.5e-17
IEEE  -10,+10 30000 3.8e-16

(c) Sparx Systems 2024
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Cacos

Complex circular arc cosine.

SYNOPSIS:

void cacos();

cmplx z, w;

cacos(&z, &w);

DESCRIPTION:

w = arccos z = PI/2 - arcsin z.

ACCURACY:

Relative error:

arithmetic domain # trials peak rms

DEC  -10,+10 5200 1.6e-15 2.8e-16
IEEE  -10,+10 30000 1.8e-14  2.2e-15
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csin

Complex circular sine.

SYNOPSIS:

void csin();

cmplx z, w;

csin(&z, &w);

DESCRIPTION:

If

zZ=X 1y,

then

w=sinx coshy + icosxsinhy.

ACCURACY:

Relative error:

arithmetic domain #trials  peak rms

DEC  -10,+10 8400 53e-17 1.3e-17
IEEE  -10,+10 30000 3.8e-16 1.0e-16
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casin

Complex circular arc sine.
SYNOPSIS:

void casin();

cmplx z, w;
casin(&z, &w);
DESCRIPTION:

Inverse complex sine:
2
w = -i clog(iz + csqrt(1 - z)).

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  -10,+10 10100  2.le-15 3.4e-16
IEEE  -10,+10 30000  2.2e-14 2.7e-15

Larger relative error can be observed for z near zero. Also tested by csin(casin(z)) = z.
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ctan
Complex circular tangent.
SYNOPSIS:

void ctan();

cmplx z, w;
ctan(&z, &w);
DESCRIPTION:

If

zZ=X 1y,
then
sin 2x + 1isinh 2y

cos 2x + cosh 2y

13 November, 2024

On the real axis the denominator is zero at odd multiples of PI/2. The denominator is evaluated by its Taylor series near

these points.

ACCURACY:

Relative error:
arithmetic domain #trials  peak rms
DEC  -10,+10 5200  7.1e-17 1.6e-17

IEEE  -10,+10 30000  7.2e-16 1.2e-16

Also tested by ctan * ccot = 1 and catan(ctan(z)) = z.
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catan

Complex circular arc tangent.
SYNOPSIS:

void catan();

cmplx z, w;
catan(&z, &w);
DESCRIPTION:

If

z=X+1y,

then
1 2x )
Rew = - arctan( =---------- ) + kPI
2 (2 2)
(1-x-y)

(2 2)

1 (x+ (yt1))
Imw = -log( -—--m----m-- )
4 (2 2)

(x+ (D)

Where k is an arbitrary integer.

ACCURACY:

Relative error:
arithmetic domain # trials  peak rms
DEC  -10,+10 5900 1.3e-16  7.8e-18
IEEE  -10,4#10 30000  2.3e-15 8.5e-17

The check catan(ctan(z)) = z, with [x| and |y| < P1/2, had peak relative error 1.5e-16, rms relative error 2.9e-17. See also
clog().
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Complex circular cotangent.
SYNOPSIS:

void ccot();

cmplx z, w;
ccot(&z, &w);
DESCRIPTION:

If

zZ=X 1y,
then
sin 2x - i sinh 2y

cosh 2y - cos 2x

13 November, 2024

On the real axis, the denominator has zeros at even multiples of PI/2. Near these points it is evaluated by a Taylor series.

ACCURACY:
Relative error:
arithmetic domain #trials  peak rms
DEC  -10,+10 3000  6.5e-17 1.6e-17

IEEE  -10,+10 30000 9.2e-16 1.2e-16

Also tested by ctan * ccot =1 +10.
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Printing an error message

var cephes_errors = [
"'unknown",  /* error code 0 */
"'domain'", /* error code 1 */
"'singularity", /* etseq.  */
"overflow™,

"'underflow"",

"'total loss of precision",

""partial loss of precision™ ];

function printError()

Session.Output( "cephes error " + err + " " + cephes_errors[er]);

{
var er = cephes.geterror();
if(er>0)
{
}
}

Testing for error
if(cephes.inerror())

{

printError();

(c) Sparx Systems 2024
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JavaScript Console

JavaScriptEH BB — NS ITHERERS | BEI B TJavaScripti © , —RHIT— - MERREINXXABAR
WpRADL , HEL Enter BPTMLH , ESSWSTHETEHE—ENNE EFr0EEED - EEXDH6
%0

#  lavascript Consale

@Start Page & Specification Manager B JavaScript Console x

currentElement = Repository.GetTreelelectedChiject{})

Session.Output("SelectedElementiD:" + currentElement.ElementlD)

EESERS , ARBAT :

currentElement =7%fi# & .GetTreeSelectedObject()

1% N7 Enter 8 , L EEREINEERS - 4G, AP E FEERPRA -
Session. i ("3 BYElementID: "+currentElement. ElementID)

Lt 42 F Enter BE , HFHIESEREM<SMMmSHNEL -
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# Javascripk Console

@Start Page E Specification Manager | B JavaScript Console x

currentElement = Repository.GetTreelelectedChiect()

Jeszion.output{"electedElementID: " + currentElement.ElementID)
GJelectedElementID: 164325

RERAPBRAS =M%
Session. j ("SelectedElementGUID:" + currentElement. ElementGUID)
XN SBUA B REL , EEERP

# Javascript Console

@Start Page E Specification Manager | § JavaScript Console x

currentElement = Bepository.GetTreelelectedObiject(})

Segzion.Output{ "SelectedElementID: ™ + currentElement.ElementID)
ZelectedElementID: 164325

Gession.Output{ "IelectedElementGUID: " + currentElement.ElementGUID)
GelectedElementGUID: {9632B322-0E9F-453a-A7B0-2C972CDh1E41F }

UL 4FE 7E Enterprise ArchitectiI1E M/ i — AR AR AR OI A -

1310l
IhEEX S E> T A > JavaScript
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A E> $#H|E&> JavaScript

ZEHews
EHASHNEE BEF ETEHARTRIE -
AAEHAHHERE

o Iclear - BRIEHISER

o lsave - FHEHIE B RGRERIGS
o lhelp - TEN@R B IR

e Iclose - RIAEHIE

e linclude <scriptname> - H{THEERIBIAIN ; scriptname HIE TN GroupName.ScriptName ( ZIRF D IFE A
=)

o ?-FIHAT ( SthelptEE )
o <TEFREE>-HLE -
ZfF FHIE"ENRAS B EXERS |, BRA? E THERT (REREN ! /) , A5 Enter -

MRRITENTHAR |, (RTBERIAFTHRIARE (MAED ) |, XFERHMAILIBERICILUFREAE - 8 SE
>T B> ZARE" TR XN -
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EHeaEd

EReEOZ2— M m<iTERs | BoLUBE BREE RMAS I ZH M A < DU ARFTERIE ( IScript.
JavaScriptfll VBScript ) o

o] B A EMS ENEE X FT FlavaScriptiEdl & & O - o] UB 5 E NBEXFT H VBScript 1 JScript By 1%
HEesEd.

WTX=—MHAES , AMOMEEORBHNFERFPRAGS ;| ST Enter B , FIAEGSNHITHS I L
Bl ERMEMHEE - 32 &< avaScript ConsoleF5B)F B IFHT 1 Ak -
1310
IhEEX % E> T A > JavaScript
$$E> T A > VBScript

FE> T A > JScript
HE> & &> JavaScript

Al

o UEINBEELEW R —IRFIZ IR F I H
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Kgzg L

Solvers?;zDﬁﬂﬁﬁ’]ﬂ"fJavaScnptq]ﬂﬁﬁ—iﬁnn7 , XML ENAHIE Solver BN EIBMITHFTE -
SolverZ5AY[RIE R ZHER NI IR PIRHS MATLAB A Octave E/MF T AMERK , FF1E Octave 3 MATLAB
DAFER , HE GBS EEnterprise Architect AERE R , IFENSERD - E—MHM , REFEOT
TR T ER E RS T XA -

2 M Octave 5, MATLAB IBAERE , MHFZREMEN AP I HBYRE , W17 XAt -

BRI LR B

‘;él‘
ok

Solver(string solverName) Sl — M ERAIEE FNAREFRN LA KRS -

KREERRTE

hapr ik
get(string name) M Solver MIEHHZRATEZE -
set(string name, object A Solver MEFHan BT E DB —NHE -
value)
exec(string name, string HAT— DB RE - LPRIMBENFEUA T IETE ARV Solver FYZEE! -
arguments, int
returnValues)
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BN gm4E

152 M A g8 28 O AXS 3T T ROBI A ST AT — LR 18 4F |, 60 -

o REXNABMANEN

o LIARRBREREFZRMA

o BITHIA

o FHMAK

o [FIEHITHIA

ESMEAEN HA"EREPsFaHA L
ZRERETNARRF LFXPRERNBRERTIRHEINE -

310
IhEEX BFE>TES-HAE-RAMABERE [(MARR] >GRERA
FE>TESHAESBRABAA , Wi [HABIR]
IhRE
IhEE Mt
Bl A Objects Enterprise Architect}BiTIREANBE N RGN 7 Bz A ES O] FHThREFN4F

if ; RERMEZLREERRMATRELN , ELAZBTHENZ , #H#
X EE it R KBRS R AT -
AT ERERAMANRE

e FA

o HWEE

o A4

BITRHEANRZ

o TFfiiE (258! : IDualRepository , EA Repositoryfd—“NSE6) , Enterprise

Architect Automation$[1 )

% (2R3 IMath , MathLib B9—P K6l ; EATF 1 Cephes HZFEPRHY
REIAER AP ER )

e Session ( 258 : ISession , ZZi3L6l )

A IRIEERRA(FE BRERAR MIAR P MARA"  ANERASIZPRE , MAEEE
Syntax) RANRZHEEZ NN EHIAS | ZRHAY -

Y FESRERNANSEEY ;- B ANAYEnterprise Architect AN S ( ZOFFSY ) , AN
BIEIEEN B ZERTEANERIBERIEBRITHA , BNEFEET I
B ERIEfRRIESRERL A,

BATIERI -
Dim e as EA.Jt3&
ARG, BTRBAN , ERGAE RN e. , RERSETHRRESIR ¢ BHHW
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B -
MEFED 7 —RERIZITHA ; Fit , oI A
VBTrace ( 540,

STRADREY , RESIEAMENASIER  ALWE , flo, #HE, X
BIRARNZITP , REAMASRANERBINERED , EXTPHER NA

MEREEFIES
VBTrace(e.Abstract)
i EMARRERSEFI T, SRR EREXERE L -

e . (8RKR)EWEBZREIEEINEEXEELMRA

o 1 Cul+— RIS HEMUER MR E M string T LAY R FRAVEE
RN H

o SAEEIE B Cult BRI ol BAYINZRE s RN H DAK S i &
BERVANINE - XEZHRHXNESNEATRNES ZNEENAEN S

B2 E Include’E 8] (INC) VTS| M AR O o]innli s — MAEXE
£ RYPNTE - BB BEHEMARFTL -

BESHAE , BERMUTEE
IINC [BIAZE B FR] [ A B FR]

g :

IINC Z 3B il 28 EA Constants-VBScript

ERRNERF R B EFANER Maths object , FEMIARIEZR P o] LUEAS P FRE -

RO UEM A IR iEes BT A Maths" M G 2 K 17510) Maths object . & BEAF
LB RERRABF ERHER T ARF RIS - f0

Session. 3l "9 F F IR 2" &IR. sqrt (9)
Session.JlH"2710 =" & = - pow (2,10)
#F objectfEEnterprise Architecti 5T —hRFILRARF I -

FF COM / ActiveX X122 VBScript. JScript FJavaScriptEl o] DB H R ActiveX/COM X2 - X o] LY
BB A INERE |, S SEnterprise ArchitectdN IR EMN AR HITRE -
fFlan , MARAL T DI ARIZEEARMZE ERXXHE - BFIES 6ZE Hobjectfy
BEBBEARE , AT REIFTR

VBHIA :

setfl &= CreateObject(" M A<.FileSystemObject")
N

B 7= new ActiveXObject("fI A FileSystemObject");
JavaScript :

fsObject = new I A< (" A FileSystemObject");

FfJavaScript SiFHIZIH Enterprise Architect® ByJavaScript o] LUA O FHZESIN COM BRSF 88 - %M A
COM RRFE—EEA R AEN s DEMARMAARS ST - B2k BN HZIMNRSS 28

HSIRREER
var server = new COMODbject( progiD , true);
HhprogID2 COM BH4REMIER ID (I8 , “Excel.Application” ) .

R

\
&

il NES XEnterprise Architect Z3HRELW AL LN , BEBE—MERIAMAE | ZER
HTY T ZEROMARE , NERMstringlRBFIBTENEBESH CSV 5
XMI SAFS HHIREY -

EEAMARE , BOHE MDG A" XIEE ("HFE-RA>EERA"
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X% ) PEHTE -
RGBSR |, ARIED EAScriptLib" XA ER"EEE -

A

o Gi—hRMEWARPERAIRELNR

THRATHERAZ TR

(c) Sparx Systems 2024 Page 201 of 214 BlI# T Enterprise Architect



(BN

=EH

13 November, 2024

Session Z1TAYobjectiR R IEPRBMIAESHBRBMA/REASG , DIF AR RSEEPRMPEENNSR - B
o] U383 I A8 [ TEEnterprise Architectiz TR -

Bt

Bt
=4

aps

RenEEE

RAERE

Session. Prompt7~ 45

(c) Sparx Systems 2024

e P E-R[OIHAIR windows AP B ( RiE)
o HRA- IR[E trobjectfIMRA ( Rik )

e Input( string Prompt) - Z7R—MXEE , IR RRAPWMA—NME ; RERAP
B ABstring &

o I ( stringfitl ) - XABALRIRINBHUE ; B8 :
- EERMANT  MEBAZSBEEON PR ZETR
MR BEBEARREO
- A A& Console , it S AConsole

e  Prompt( string Prompt, long PromptType) - ER— M EIEER R AR
HEBRE ISR ; REISHEF R EMZEXRNAY PromptResult” &

e IRROK=1

e E'RYESNO=2

e 32’RYESNOCANCEL =3
e 12’ROKCANCEL =4

e FROK=1
o ZEREUH=2
o HERE=3

o HERFES=4

(VBScript)
If (Session.Prompt("Continue?", promptYESNO) = resultYes) HE /...
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TERiE

I1’E§fﬁ§§?§f§iﬂ’\]’f§ﬂ¢E’JBZ%%DEF?H@EFHFE’\JIYE?FDﬁﬁJ . AN A AT BERFINNEIE A ERERE 7 —H
SRABY %,

EHEBERUMURETERREER, SRATEN AT, AINESELEM - RTSAMEMERERD , DUk
RPN E - EERA o DUE A TERRZEGIRF BRI TRNEEY |, B REEMHONR - HLR
REEERVNEMNNESFRAER -

TR A

L sk

THE L RN ATIARKH T HEABROREF £ IEEAATRE,
AN BENBERRFNZ 2D AR B ERYE , RETESST0
—— ARBEMMFEAROATS S PRS0 A T AR IS B
H,

i WRSER ATBERRFIUSTETRER , UEBTERE - WEHIDRL -
RETAENZ2 RN B BB -
SRERET BANK BT HEFR  FHLOBETE R —KHE
B -
BN TS ERERNT - TEER OB REUNR
fE SR IR

TR

£ F§ Workflow BIZARB R NEIN -

e  VBScript

e JavaScript .

VBScript @B IBAIVRA , (NRT—ZIAZ o JavaScriphR R 2 EFHMARA , oiFTEIHI0PIAEBMEINEE -
JavaScriptic RTEEA Connect® Workflowi

T

EHHERA -

VBScript ICREM A AR EFEBER T -

pa

e  Enterprise ArchitectfYiE W 45— hRALIRIRPIRHE 7 TIERE
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TERBIZAR R %

JE1C : MEnterprise Architect 15.0 fRFF45 ,
Architecti&

BREMH EA Connect LI Workflow 3 4
=, BASE ZHRUEFEARBT Visual Basic.

TERMAERATOS6IE , TIERA
RAF@A -

O] PUE F — 25 R BRI BRI A SRR A -

A9 VBScripts °

1o

VBScript TIEREIACIHEREBEFA -
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83 7E O L8 A Enterprise

B JH8Enterprise Architect L{ERSIZMIT , LLEE

ALY A2 — ST AHIAE D |, Kesd WRA"ZHB— MM LERMASR , Refd MEH

BB ZER
RUBEEENRRMIBEIRU K TRR

DI ANR RIS IERI AN ; MRS =

R ARBERFANEERRBEESNENINE

KB CIE— PN -
heEX 2#E> TR SHIAR
T BRI EBIELE
il NS EmiEEN , TERSIZNERARAF AR RSN
AE 7T LUAE B A BRI R LIS -
BREETENSHR , BIARS|ZE
MR AR ERESENNEDER.
TERMANITEETESE -
BRATIBRBITER , HARE/RER -
BAAPWIER KO REFICEIE.
XUIREER TR AR
/i -
P8 ARE

B RAVEREL

T ERBIE LS Enterprise
ArchitectEFS
TIEBN TIEREIESY XLEZ
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HAXNZ -

Enterprise Architectif] XK E K OIBZBZAFPESME R,

XLEZ Enterprise Architecti BT TAERBIRLE IR

RO LUEF N TEREIRE X2 -
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i

o WIRMNHABOAPIHN TIERMARIT TR , BRGHAET O TELPRORIFTHIAIZ A ERINE
=101

o Workflow Bl A TE1E I 45— AR A Enterprise Architect?Z i ik = o] A

o THRRMAZZERAFPZEZTHERE

o MFEZE BEITMHERE"NRABEARMEE TIERZMA
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bR - B UE A A P F A

Enterprise Architecti@ RIFZRERIIEMIZET B HEA - WTEBMRE , ER—AWR -

SuE/ AR

B

AllowPhaseUpdate ( |H
B,

¥iE)

AllowStatusUpdate ( |H
(=

H1E)

AllowTagUpdate ( Fr& %

i
IHE ,
E)

AllowVersionUpdate ( |H
17,

¥iE)

oIDUREERNER ()

IR ()

CanEditTag ( 7R &R )

oIDUREEARAS ()
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700

SAIE A XS AE ARV EE LY -

REME -

o True/tVFILAIF AT E X

e False RMARFELGTREZILRINE

B A P SRS BPIRES -

REME -

o True/tVFULAFHITIE X

e False RMARFELGHRERILIAIRVE

Y lE AR P XS ARIC B P A E B -

REME -

o True/SVFILAF AT E X

e False RMARFE G IRERILIAIRVE

Y UE AR XS AR A PR RO BB 2

REME :

o True/tVFILAFHATIEE X

e False RMARFELGHRERILIRIRE

E RS R mEARRE S

ROMNE :

o TrueSWFILAFBEEREFIHITEN
e FalseBNRAZENTE=REMAREIEN

ERS AR T RENSRZES -
REME -

o TrueVFILAFBEEREHFETEX
o FalseBIRAXKTEZEMAREIEY

ERSZRmERCEZY -

REME :

o True/tVFILAF BN EREZEARTEN
e FalseBERAZEUTEREMAREIEN

ERRZERAR T RERRVESF -
REMME -
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OnPreNewElement ( JTZE
i
TTEZREIR )

OnPreNewConnector ( &

RHER,

PreAllowPhaseUpdate ( |H
17,

¥iE)

PreAllowStatusUpdate (
IRE ,

H1E)

PreAllowTagUpdate ( ¥R
TR,

IBE ,
E)

PreAllowVersionUpdate (
[SEI=

iE)

(c) Sparx Systems 2024

o TrueVFILAHFBEEREHFETEX
NEREHTE2RRREILEY

e False’®

NI CIRIEE
REMME :

o TrueRVFULAIF BB T R/EESR
e FalseABILEUERAIF BIBTTER

TR -

ISR BB IR ERYE SR
REE

o True/tVFULAIF QIR ITR/IE R
e FalseABILLUERAIF BIBTER

WERIFILELFIENES -
R[EME oS ORI mEESZ%E
S FEREIEZEE

e izt - 7 WorkflowContext object3E 78 M £ 20

HEWILILELFIRNER -

REME : oS oRAMMEESZR , DUIRIEIEEN -

SRR
Mzt - 7£ WorkflowContext object™ 3B 78 iz £ 2H

HERIL I E N FAFERER -

REHE : UDS R MEESIZR , ORISR -

SRR
Mz - £ WorkflowContext object™ 3B 78 M1z £ 4H

HAEWILILE L FIRENER

RONE : UDS 2RI MERESIR , OISR -

SEHNEIEZER
MR, - £ WorkflowContext obj ecttE MR E1AH
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- ERHAPESUZEER

Enterprise Architect/@ FAX LR R OUZBEZ AL ESHEER -

]
R TAERES WP DA TTRER -
ROVE : 28
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R LIEREIRE Y

XL E Enterprise Architec8EFRW TEREIELEE (W2 ) .

BRE

TIRRBIRE E5:pus
TERAF ZobjectiRARIANERIERNAFLHER -

B 7E Enterprise Architect & F3 £ {01 K% 2 BTF Enterprise Architect Enterprise
ArchitectEFR ; BBELUTEH :

. g)?% -ERZRGOAPE (NREREAOSHRIE , WSEORPAT

o EF -t EEAP"WEESKE

o MK-£ LERP"EEPHE

e 2% - <Firstname> <Surname> MIZHE ( Enterprise Architect 3 T "#F&"F
ERMZELIF RN )

o ER]- AP IIEWERI] , OlfE £/, " MEEPKE

A : tobjectiE A IsMemberOf(GroupName) bR %] -

ITERLETN LteobjectiR A R = BIHYIE P AJobjectdy £ T3,

EEB@ET:IZ%E@E@%E?EFIZE‘UEEIEnterprise ArchitecBER ; EBLUTE

e  MetaType - ZiBilobjectd258! | AJLLR Enterprise ArchitectiZ/O BT ALE
NXHEER TR

o FZHR- TEobject BM"XWIHEFIHKE

o RS- TEobject BMH"XWIHETIHE

o #HTEobject BMH"XIFEDPHE

o -hXA- TEobject B XWIHETIHE

o ¥EEL. R AT thobjecttI IS BN FRTBEIA

o T - —NIRICEHA , 1Bl
-ZIR-FRCEBZIR
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